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Abstract

Computers store data in the form of bit or binary digits. Gray code is a reflected binary code, which is an
ordering of the binary numeral system such that two successive values differ by only one bit (binary digit).
The hamming distance is a metric used to compare two binary strings of equal length and is defined as the
number of bit positions in which the two binary strings differ. The hamming distance between two binary
strings a and b of equal length is denoted by hd(a, b). It is used for error detection in data transmission and
in coding theory. In this paper, we define a new labeling called gray code hamming distance labeling. The
existence of gray code hamming distance labeling of M- join of Comb graph, H- graph, and Twig graph
were discussed and their gray code hamming distance number were obtained.

Keywords: Gray Code Hamming Distance Labeling , Gray Code Hamming Distance Number, M-join of
Comb Graph, M-join of H-graph, M-join of Twig Graph.

1. INTRODUCTION

A vertex labeling of a graph G is an assignment of labels to the vertices of G that induces
for every edge uv a label depending on the vertex label of u and v[4].We introduced
hamming distance labeling, odd hamming distance labeling and even hamming distance
labeling[5]. It is proved that some path related graphs admit hamming distance and odd
hamming distance labeling and some cycle related graphs admit even hamming distance
labeling. In this paper, a new labeling called gray code hamming distance labeling is
introduced. Also we constructed M-join of H-graph, Comb graph, Twig graph, and proved
that these graphs admit gray code hamming distance labeling.

2. GRAY CODE HAMMING DISTANCE LABELING OF M-JOIN OF GRAPHS

In this section, we introduce a new labeling called gray code hamming distance labeling
and is defined as follows: In this definition, the notation [x], denotes the binary conversion
of the number x, GC (x) denotes the gray code of the number x and [GC(x)],; denotes the
decimal value of GC(x).

Definition 2.1. The function f:V — N U {0} is said to be a gray code hamming distance
labeling if it satisfies the following conditions.
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(i) For the function g: f(v) - [GC(f (v))], for every v eV, the adjacent vertices receive
distinct labels (as decimals of gray codes)

(i) There exist an induced function g*:E - {1,2,3..n} for the function g such
that g*(uv) = hd([g(f ()], [g(f (w))]2) , for every edge uv € E, the adjacent edges
receive distinct labels.

The gray code hamming distance number of a graph G is the least positive integer n such
that 2" —1 >k, where k = max{f(v)/v € V}and is denoted by 144 (G).
Structure of M-join of H- graph

The H-graph is obtained by adding an edge between even degree vertices of two path
graphs each of length two ( P, and P; ). l.e. It is a tree on 6 vertices in which exactly two
vertices are of degree 3[3, 7]. The vertex set and edge set of M+1 copies of H —graph is
defined as follows:

v={uvul v’ j1<i<31<j<m}

i Vi
E =E, UE,, where
Ey = {wuiy, vivig i upvp /1 ST < 23
E, = {ul(j)ui(i)l,vi(j)vi(i)l,ugj)vz(j)/l <i<21=<j<Mj}
The M- Join of H —graph is obtained from the above M+1 copies of H-graphs by attaching

an edge between consecutive H-graphs. The vertex set V'and edge set E’of this graph is
given as follows:

V'=vandE =EU{wul® v /1<j<Mm-1}.
This graph as 6(M+1) vertices and 6M+1 edges.

ul. vgl)

Uu-¢ (1)
2 vz

use vgl)

Figure 1. Structure of M-Join of H-graph

Theorem 2.1. The M- join of H-graph admits gray code hamming distance labeled graph
and the gray code hamming distance number is ng¢pq(G) =4.
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Proof: consider the M-join of H-graph whose vertex set and edge set are given in the
above structure. Define a function f:V — N U {0} to label the vertices of the graph in such
a way that that f(u) # f(v) for any two adjacent verticesu, v and the procedure for
labeling the vertices is given in the following algorithm.

Procedure: Vertex labeling of M- join of H-graph, M > 1.
Input: M- join of H-graph

Ve v, u? vP/1<i <31 < < M)

U, < 5u, «0;u; « 14;

v «4v; « vz « 15

fori=1to3 do

forj=1toM do

- (14ifi=1 4ifi=1
W etoifi=2,09 <{1ifi=2
5ifi=3 15if i =3
end for
end for

end procedure
Output: The labeled vertices of M- join of H-graph.
Define a function g: f(V) - [GC(f (v))]a Where g(f (W) = [GC(f(w))]4 for every u € V

(GC(x) denotes the gray code of the number x) such that g(f(uv,)) # g(f(u,)) for every
adjacent vertices uy,u, € V.

Now g(f(u)) =7 g(f(w)) =0; g(f(us)) =9;
g(fw)) =6 g(f(w)) =1; g(f(v3)) = 8;

Forl<j<M
. 9ifi=1 . 6ifi=1
g(f (uP) <{oifi=2; g(f (v ) «{1ifi=2
7ifi=3 8ifi=23

Clearly all the adjacent vertices receive distance gray code as labels. Now The induced
edge labels are calculated as follows:

g (uiuz) = hd([g(f @)1z, [g(f W))]2) = hd([7],,[0]2) = 3.
9" (upuz) = hd([0],, [9]) = 2; g"(vyv;) = hd([6]>, [1]2) = 3;
9" (vov3) = hd([1],,[8]2) = 2; g*(upv,) = hd([0]y, [1]2) = 1;
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9" (wsul®) = hd([8], [9],) = 1;
ForM>21<j<M-1, g @ uI*™) = hd([8],,[9],) = 1;
For1<j<M,1<i<?2

DG 2ifi=1 . G 3ifi=1 ./ () G
g (ulg)ug_)l < {3 ifi =2 g (U(])UU) &« {2 ifi = g (ug’)vz(])) =1.

i i+1
From all the above cases, for all the adjacent edgese,, e, € E, g*(e;) # g*(e;). Hence the

M- Join of H-graph admits gray code hamming distance labeling and the gray code
hamming distance number is 1444 (G) = 4.

7(5) 6(4) 9(14) 6(4)
3 3 o =
0(0) - 1y " oco - 1(1)
2 2 . >
9(14) 8(15) 7(5) 8(15)

Figure 2: Gray code labeling of 1-Join of H-graph
Structure of M-Join of Comb graph

Comb graph is obtained by joining a single pendant edge to each vertex of a path B,, n >
2 and it is denoted by B;[4,6].

The vertex set and edge set of M+1 copies of Comb graph is defined as follows:
v={uvulv? 0<i<ni<j<m}

E =E, UE,, where

E, = v, v uPj0<i<ni<j<Mnz=2}

Ey = v, v v, /0 <i<sn-11<j<Mn>2)

The M-join of Comb graph is obtained from the above M+1 copies of comb graph by

attaching an edge between consecutive Comb graphs. The vertex set V'and edge set
E'of this graph is given as follows:

V'=VandE =EU {u,v”,u’vI"V/1<j<M-1,M=2}.
This graph as (2n+2)(M+1) vertices and [(2n+2)(M+1)]-1 edges
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utl) utl,) (1) u(1) u(h
U, Uy U, U Uy 0 [1 u, 3 4
v' v ]; v '(11 '(1‘1 ¥ 1 (1) 1)
v / ) (1) v
0 1 2 3 4 Vo v, v, Vg 4

Figure 3: Structure of 1-Join of Comb Graph

Theorem 2.2. The M- join of comb graph P is a gray code hamming distance labeled
graph for n = 0(mod4) and the gray code hamming distance number isn .pq(G) = 4.

Proof: Let us consider the M- join of comb graph B} whose vertex set and edge set are
given in the above structure. Define a function f:V — N U {0} to label the vertices of the
graph in such a way that that f(u) # f(v) for any two adjacent vertices u, v and the
procedure for labeling the vertices is explained in the following algorithm.

Procedure: Vertex labeling of M- join of comb graph, M > 1.
Input: Vertices of M- join of comb graph,

V= {ui,vi,ugj),vi(j)/o <is<nl<j<M}
Up < 5u; <15 u, <1,
vy < 0,v; «1;v, «3;

fori=2ton—1do

8if i = 0(mod4) 3ifi =0(mod4)

6if i =1(mod4) 1if i = 1(mod4)
YTy 3 if i =2(mod4)’ Vi T4 if i =2(mod4)

11if i = 3(mod4) 0if i =3(mod4)
end for

forj=1toM do
if j = 1(mod2) do

"o Ve 2.0 0.0 4

<« 0; véj
fori=1ton—1do

3if i = 0(mod4) 4if i =0(mod4)
W0 11if i = 1(mod4). OB 0if i =1(mod4)
L 8ifi=2(mod4)’ ! 3if i =2(mod4)
6if i =3(mod4) 1if i = 3(mod4)

u

end for
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else
uflj) « 1; v,(lj) « 3;
fori=0ton—1do
8if i =0(mod4) 3if i = 0(mod4)
6) 6ifi =1(mod4) ., (j Lif i =1(mod4)

YT 3ifi=20mods)’ Yt T ) 4ifi=2(modd)
11if i = 3(mod4) 0if i =3(mod4)

end for

end if

end for

end procedure
Output: The labeled vertices of M- join of comb graph

Define a function g: f(V) - [GC(f(v))]a where g(f(w)) = [GC(f(w))], for every u €V

such that g(f(uq)) # g(f (u,)) for every adjacent verticesu,,u, € V.
Now g(f(up)) =7; g(f(w)) =8 g(f(un)) = 1;
9(f@) =0; g(f(w)) =1; g(f(vy)) = 2;
for2<i<n-1
12 if i = 0(mod4) 2if i =0(mod4)
() | ST Z Mgy 1 2 )
14 if i = 3(mod4) 0if i = 3(mod4)

for1 <j < Mand if j = 1(mod2)

o) =15 (1 (6) 0 (1 () - o1

fori1<j<M1<i<n-—1landifj=1(mod2)
2if i =0(mod4) 6if i =0(mod4)

M) 14 if i = 1(mod4). ) 0ifi = 1(mod4)
9(f (”ij )) Y 12if i = 2(mod4)’ g(f( ; )) Y 2if i = 2(mod4)
5if i = 3(mod4) 1if i = 3(mod4)

for1<j<M0<i<n-—1andifj=0(mod2)

9 (£ (@) =1 o(r(w)) =2

6;
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(12if i = 0(mod4) (2if i =0(mod4)

) 5if i = 1(mod4) () 1if i = 1(mod4)

g (f (1! )) < { 2if i = 2(mod4) * 9 (f (v )) < { 6if i = 2(mod4)
14 if i = 3(mod4) 0if i = 3(mod4)

Clearly all the adjacent vertices receive distance gray code as labels. Now The induced
edge labels are calculated as follows:

9" (Wouo) = hd([g(f (we))l2, [g(f (wo))]2) = hd([0]3, [7]2) = 3.
9" (viwy) = hd([1],, [8]2) = 2; g"(wov1) = hd([0],, [1]2) = 1;
9" (vpuy) = hd([2]3, [1]2) = 2; g"(vp-1vn) = hd([0]3, [2]2) = 1;
9" (uyvs?) = hd([1],, [3],) =1.
Fori<j<sM—-1M=2,g"wvI"=1

1if i =1,2(mod4)
3ifi =0,3(mod4)

2if i =0,2(mod4)
Forl<i<n-2,g"(vivi;;1) <3 3ifi =1(mod4)
1if i =3(mod4)

Forl1<j<Mandifj=1(mod2)

9" W ud) = hd([31,, [131,) =3; g" W v = hd([31,, [0],) =2;
g WP v = hd([11, [6],) =3; g" (@ ud) = hd([6],, [0],) =2;
Fori<j<M,1<i<n-—1andifj=1(mod?2)

N OE) 3 ifi =1,2(mod4)
g ) (_{Ufi = 0,3(mod4)

Fori<j<M,1<i<n-2andifj=1(mod?2)

o 2if i =0,2(mod4)
g*(vi(])vi(i)l) «< 1lifi =1(mod4)
3if i =3(mod4)

For2 <j<Mandifj=0(mnod?2)
g @ vy = hd([0],, [2],) =1; g* @ ul) = hd([2],, [1],) =2;
For2<j<M0<i<n-—1andifj=0(mod?2)

1ifi =1,2(mod4)
3if i =0,3(mod4)

For2<j<M0<i<n-—2andifj=0(mod?2)

For2<i<n-1, g"(vjy) <—{

g Uy {
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o 2ifi =0,2(mod4)
g*(vi(])vi(i)l) «{ 3ifi = 1(mod4)
1if i = 3(mod4)

From all the above cases, for all the adjacent edgese,, e, € E, g*(e;) # g*(e;). Hence the
M- join of comb graph admits gray code hamming distance labeling and the gray code
hamming distance number is 1444 (G) = 4.

Theorem 2.3. The M- join of comb graph B/ is a gray code hamming distance labeled
graph for n = 1(mod4)and the gray code hamming distance number isng¢nq(G) = 4.

Theorem 2.4. The M- join of comb graph P is a gray code hamming distance labeled
graph for n = 2(mod4)and the gray code hamming distance number isng.nq(G) = 4.

Theorem 2.5. The M- join of comb graph B; is a gray code hamming distance labeled
graph for n = 3(mod4)an {d the gray code hamming distance number isn .4 (G) = 4.

Structure of M-Join of Twig graph

A Twig graph is obtained from a path by attaching exactly two pendant edges to each
internal vertices of a pathP,, n > 3 and it is denoted by TW (B, )[4].

The vertex set and edge set of M+1 copies of Twig graph is defined as follows:

v={wv? p0<i<ni<jsmjufuyw,u? w? /1<i<n-11<j <M}

i i
E=E, UE, UE;, where
By = {vwi, v v /0 i<n— 11 <j <M LE, = (g, viwi/1 < i <n— 1,
E; = wPu, v w1 <isn-11<j <My

The M-join of Twig graph is obtained from the above M+1 copies of Twig graph by
attaching an edge between consecutive Twig graphs. The vertex set VV'and edge set E’of

this graph is given as follows:V’' =V and E’ = E U {vnvél)} v I 1 <j<m—13.

This graph as (3n-1) (M+1) vertices and [(3n-1)(M+1)]-1 edges.

(1) (1) (1) (1) (1) (1)
u, u, uz u, ug ug u, u, ug Uy ug Ug
D pet (1) (1) (1) (1) &3] €3] &3]
Vo vy V3 U3 Uy vs Vg v, v, [”1 v, vy [v4 Vg v,
1) 1) (1) (1) 1) 1)
wy wy W Wy Ws We wy W2 W Wy Ws We

Figure 4: Structure of 1-Join of Twig Graph
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Theorem 2.6. The M- join of twig graph TW (B,) is a gray code hamming distance labeled
graph for n = 3(mod4)and the gray code hamming distance number isng.pq(G) = 4.

Proof: Let us consider the M- join of twig graph TW (B,) whose vertex set and edge set
are given in the above structure. Define a function f:V — N U {0} to label the vertices of
the graph in such a way that f(u) # f(v) for any two adjacent verticesu, v and the
procedure for labeling the vertices is explained in the following algorithm.

Procedure: Vertex labeling of M- join of twig graph, M > 1.
Input: Vertices of M- join of twig graph,

v={wrP/0<isni<jsmuwud w1<isn-11<)< My

i )
vy < 0;
fori =1ton do
forj=1to M do

véj) «0
(0if i =0(mod4)
() 1if i =1(mod4)
nEne e i15 if i = 2(mod4)
14 if i = 3(mod4)

end for

end for

fori=1ton—1do
forj=1to M do

{23 if i =0(mod4) 10if i = 0(mod4)

G 22if i =1(mod4) D) {11 if i =1(mod4)

WEWT TV 18if i = 2(moda)’ Vi TV 5if i = 2(mod4)
19 if i = 3(mod4) 4if i = 3(mod4)

end for

end for

end procedure
Output: The labeled vertices of M- join of twig graph

Define a function g: f(V) - [GC(f(v))]4 where g(f(w)) = [GC(f(w))], for every u €V
such that g(f(u;)) # g(f (u,)) for every adjacent vertices u,,u, € V.

For0<i<nl<j<M
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(0if i =0(mod4)

. 1if i =1(mod4)

g(fw))=g (f (Vi(]))) < { 8if i =2(mod4)’
9if i =3(mod4)

Fori1<i<n—-1,1<j<M
(28 if i =0(mod4)

9(r@) =g (£ () = 40 L S e

26 if i = 3(mod4)

15if i = 0(mod4)

B . 14 if i = 1(mod4)
g(f(Wi))‘ g (f (Wi(]))) 17 if i = 2(mod4)
6if i = 3(mod4)

Clearly all the adjacent vertices receive distance gray code as labels. Now The induced
edge labels are calculated as follows:

g*(vnvél)) =2,
Fori1<j<M-1g~* (v,(lj)véjﬂ)) =2

For0<i<n-11<j<M

) 1ifi =0(mod2)
g (Viviy1) « {2 if i =1(mod?2)’

Fori<i<n-1

G 1ifi = 2
g*(vi(])v(]) (_{ if i =0(mod 2)

i+1 2if i =1(mod ?2)

g (ww;) = 3; g"(viw;) = 4,
Fori1<i<n—-11<j<M

g* (vi(J)ui(J)) =3 g (vi(J)Wi(])) = 4
From all the above cases, for all the adjacent edges e;, e, € E, g*(e;) # g*(e;). Hence the

M- join of twig graph admits gray code hamming distance labeling and the gray code
hamming distance number is 1444 (G) = 4.

Theorem 2.7. The M- join of twig graph TW (B,) is a gray code hamming distance labeled
graph for n = 0(mod4)and the gray code hamming distance number is nc,q(G) = 4.

Theorem 2.8. The M- join of twig graph TW (B,)is a gray code hamming distance labeled
graph for n = 1(mod4)and the gray code hamming distance number is nc,q(G) = 4.

Theorem 2.9. The M- join of twig graph TW (B,)is a gray code hamming distance labeled
graph for n = 2(mod4)an{d the gray code hamming distance number is ngcpq(G) = 4.
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29(22) 27(18) 26(19) 28(23) 29(22)27(18) 29(22)27(18) 26(19) 28(23) 29(22) 27(18)

14(11) 7(5) 6(4) 15(10) 14(11) 7(5) 14(11) 7(5) 6(4) 15(10) 14(11) 7(5)
Figure 5: Gray Code labeling of 1-join of Twig Graph

3. CONCLUSION

In this paper, we have introduced gray code hamming distance labeling and proved the
existence of gray code hamming distance labeling of M- join of H-graph, comb graph and
twig graph and their gray code hamming distance numbers were obtained as 4.
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