Tianjin Daxue Xuebao (Ziran Kexue yu Gongcheng Jishu Ban)/
Journal of Tianjin University Science and Technology

ISSN (Online): 0493-2137

E-Publication: Online Open Access

Vol:55 Issue:05:2022

DOI 10.17605/0SF.I0/XUHGK

SOME FIXED POINT RESULTS ON A VECTOR VALUED S-METRIC
SPACE

POOJA YADAV
Department of Mathematics, Indira Gandhi University Meerpur(Rewari), Haryana-122502, India.

MAMTA KAMRA
Department of Mathematics, Indira Gandhi University Meerpur(Rewari), Haryana-122502, India.

ABSTRACT

We establish the existence of fixed point results on a vector S-metric space which is complete. The concept
of S-metric space was introduced by Sedghi et al. [10] in 2012. By combining the concept of vector metric
space and S-metric space, the notion of vector S-metric space is introduced. We also give some examples
to authenticate our results.

Keywords: Vector lattice, Vector metric space, Vector S-metric space.

1 Introduction

Fixed point theory gives an important tool for proving the existence and uniqueness of the
solutions. Yao and Yang [5] pointed out that every S-metric space is b-metric space.
Several authors like Sedghi et al. [10], Kim et al.[4], Shahraki et al. [8], Ozgir et al. [9]
proved fixed point results on S-metric space. Altun and Cevik [1] defined vector metric
spaces in 2009. We hereby define vector S-metric space which is Riesz space valued. In
this paper, we establish fixed point results on vector S-metric space.

Definition 1.1 [6] Let k: H - H be a map. Then k is said to have a fixed point o € H if
k(a) = a.

Remark 1.2 A map may have no fixed point, unique fixed point or several fixed points.

Definition 1.3[7] On a set (, a relation < is a partial order if it follows the conditions
stated below:

(@ b, = b (reflexive)

()b, =< b,and b, < b implies b; = b, (anti-symmetry)
)by < b,and b, =< b; implies b, < b ;(transitivity)

Vb, by bs€C. The pair (C =) is known as partially ordered set.
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A partially ordered set (C, <) is called linearly ordered if for b ;, b, € C, we have either
b;<by,or b,=<b,.

Definition 1.4[2] Let C be linear space which is real and (C,<) be a poset. Then the
poset (C, <) is said to be an ordered linear space if it follows the properties mentioned
below:

@bi=by,=bi+bs=by+ by
(b)blibzﬁ(l)bliwbz Vbl,bz,b3ECanda)>0.

Definition 1.5[2] A poset is called lattice if each set with two elements has an infimum
and a supremum.

Definition 1.6 [2] If each subset has infimum and supremum then lattice is complete.

Definition 1.7[2] An ordered linear space where the ordering is lattice is called vector
lattice. This is also called Riesz space.

Example 1.8[2] Let R (b > 1) be the vector space of b tuples h = (hy,hy, ..., h})
and 9 = (94,9,, ...,9) with coordinatewise multiplication and addition. If we define A <
9 means h, <9, holdsfor 1 <a < b,then R" isavector lattice w.r.t. partial ordering.

Definition 1.9[2] Let V be vector lattice with non-negative cone V* = {9 € V:9 = 0} for
an element 9 € V, the negative part 9, the positive part 9* and the absolute part |J9|
are denoted as

9" =(-9)Vv0,I9"=9Vv0, [9] =9V (-V).
Also 9] =0 iff 9 = 0.
Definition 1.10[2] A vector lattice V is called Archimedean ifinf{iﬁ} =0 for every 9 €
V* where
Vt={9€eV:9 =0}

Definition 1.11[1] Let V be a vector lattice and R be a nonvoid set. Then vector metric
isamapping d: R xR -V on R if it follows the conditions stated below:

(a)d(bl,b2)=0|ﬁ: l?1= I)Z
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(b)d(bq, by)d(bqy, by)+d(bs, by)Vby, by b3 ER
The triplet (R,d,V) is called vector metric space.

Definition 1.12[8] Let R be a nonvoid set. Then S-metric is a mapping S:R X R X R -
[0,«) on R if it follows the conditions stated below:

@S(by, by bs) =0,

0)S(by, by by)=01iff by =b,= b,

©)S(bqy, by b3)XS(by, bya)+S(by bya)+S(hs, bsa),
forall by, b, bsa€e®R.

Then (R,S) is called S-metric space .

Now, we define vector S-metric space as follows:

Definition 1.13 Let V be a vector lattice and R be a nonvoid set. Then vector S-metric
isamapping S:RXRXRKR -V on R if it satisfies the conditions mentioned below:

@S(by, by bs) =0,

0)S(by, by by)y=01iff by =b,= b,

©S(b1, by b3)XS(by, bya)+S(by bya)+S(hs, bsa),
forall b, b, b3 a€®R.

The triplet (R,S,V) is called vector S-metric space.

Example 1.14 Let R be a nonvoid set and V be a vector lattice. If a function S:V XV x
V - V defined by

Sy baby)=1(bi= b)) +I(bs—b)I+[(ba=b)| Vby by bseR
then the triplet (R,S,V) is a vector S-metric space.

Definition 1.15 In vector S-metric space (R,S,V), a sequence (J9,) € R is called V-
convergent to some 9 € R if there is a sequence (u,) in V satisfying u, { 0 and

SV
S, 9, 9) 2 u, and denote it by 9,, — 9.

Definition 1.16 In vector S-metric space (R,S,V), a sequence (J9,) € R is known as V-
Cauchy sequence if 3 (u,) € V satisfying u, { 0 and Sy, 95, 95+4) = unVq and n.
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Definition 1.17 A vector S-metric space (R,S,V) is called V-complete if all V-Cauchy
sequence in R is V-convergent to a limit in R.

Definition 1.18 Let (R,5,V) and (R,S,V’) be two vector S-metric spaces. A function
o _ _ . ) sV
K:(R,S,V)—> (R,S,V) is continuous at a €R if 3 (h,)ER with A, = a then
M4
K(h,)— K(a).

Lemma 1.19 If (R,S,V) is a symmetric vector S-metric space, then prove that
S@,9,uw) =S, w9 VvVudeR.
Proof. Let u,9 € R, then

S@,9, 1) < S(9,9,9) +S®,9,9) + S(u, 1, 9) (1)
=S u9)
S 9) 2SWuw) + S, mu) +S@,9,1) (2)
=S,9,1)

By (1) and (2), we get S(¥,9, 1) = S(p, 1, 9).

Lemma 1.20 Let (R, S,V) be a vector S-metric space. If 3 two sequences (i), (J,) €
R such that

M4 SV
h, -h and 9, =9
then prove that
Il)imS(hb,hb,ﬁb) = S(h,h,9)
Proof. Since

limh, =h and limY, =9

b—e b

then 3 (4,), (u,) € V satisfying 4, 1 0,1, { 0 and

S(hp, by, h) < Ay,

SWp,9p,9) 2 Uy V band n
then
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S(hy, hp,9p) < 28 (hy, hip, B) + SO, Op, )
< 25(hy, hy, h) + 259y, 9p,9) + S(h, 1, 9)
< 2, + 2u, + S(h,h,9)
S(hy, hy, 9p) — S(h, 7, 9) < 21, + 21, (3)
Also

S(h,h,9) < 25(h, h, hy) +S,9, hy)
< 2S(h, h, hp) + 25(9,9,95) + S(hy, hip, 9p)
= 25(hy, hy, h) + 259y, 9p, ) + S(Hp, hip, 9p)
< 21, + 2u, + S(hy, Ay, 9p)
S(h, 1, 9) — S(hy, hp, 0p) < 2A, + 21y (4)
So, by relation (3) and (4), by using |9 =9 VvV (—9) we get
|S (hy, Ay, 9p) — S(h, 7,9)| < 24, + 21,
Since 4,10 and u, | 0 and |9| = 0 iff 9 = 0 this implies
ll)i_I}}oS(hbfhb»ﬁb) = S(h,h,9)

Lemma 1.21 Let (R,S,V) be a vector S-metric space. If 3 two sequences (i), (J9,) €
R and 3 (n,) € V satisfying (n,) { 0 such that

S(hy, hy,9p) < for all b
whenever (h;,) € R and

S,
hy, 5 h for some heR
then

M4
19b — h.

Proof.We have

SOy, 9p, h) X 2509, 9y, hp) + S(h, h, hy)
Since

M4
hb — h
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then 3 (u,) € V satisfying (u,) 1 0 and S(h,, Ay, h) <,  for all b.
Then

Sy, 9p, h) <X 259y, 9y, hy) + S(hy, Ay, h) L 21 + 1y
Hence

SV
19b — h.

Remark 1.22 [3] If V be a vector latticeand b <Ab where b € V*, 1€[0,1),then b
= 0.

2 Main Results

Here we establish some results on vector S-metric space that extend some of the results
of [7], [11], [5] and [4].

Lemma 2.1 Let (R,S,V) be a vector S-metric space which is complete and V -
Archimedean. Let a sequence (# ) be in R such that

S(hy,hy,hy41) 2aS(hy -,y g, hy) Vb EN

where a € [0,1). Then (h ) is a V- Cauchy sequence in R.

Proof. Using (1), we get

Sy, hy, ) S aS(hy, —q,hy_q,hy) S @?S(hy o hy 5y 1) < - < a” SR, o, 1)

So, for b > ¢, we have

S(he, hp, iy ) 2 25(p, g pyq) +S(Ry, Ry, Pptq)

= 2S(hp, g, Npy1) + S(Mpy1, Pprr, 1Y)
= 2S(hp, g, Npyr) + 2S(Rpsq, Npra, py) + S(Ry Ry, Rpyn)
= 285(hy, hp, Ppyr) + 25(Ppyr, Pppr, Bprz) + S(Rpga, oy, y)
= 2S(hg, g, Npyr) + 2S(Rpyq, prr, pyn) + o+ S(h, —1, Ry g, R)
< 25(hyp, g Npyr) + 2S(Mpyr, Pprr, pyz) + oo+ 25(Ry —, Ry g, Ry)
<2(af +at*t + -+ a® "S(hg, ho, hy)
<2at(1+ a+a? +-)S(hg, ho, hy)

L
< 2=S(ho, Fig, 1) L0 £ 0.

Thus (A, ) is a V-Cauchy sequence in R.
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Theorem 2.2 Let (R,S,V) be a vector S-metric space which is complete and V-
Archimedean. Let k:R - R be a map such that

S(kh,kd, k) < qU(R,9,))0<q < and hOucR

where

Uk, 9, 1) € {S(h,9, 1), S(h, h, kR), SO, 9, k9), S(, w, k), S(h, b, k),
S@,9,kw), S(p, p, kh)}

Then k has a unique fixed point.
Proof. Assume that g, € R and

o, =ko,_1b =1
Then

S(04,04,0441) =S(kay, _1, ko, _4,kay,)
=qU(0,-1,0,-1,04)
where

U(oy-1,04-1,0,) €{S5(0,-1,0,-1,04),5(0} -1,0}, -1,k0}, -1),5(0} —1,0), —1, k0, 1),
S(oy,04,koy,),5(0} 1,0, -1,kay, 1),5(0), -1,04 -1, ko),
S(oy,04,kay,_1)}
= {$(0,-1,04-1,0,),5(0},,0),,0 41),5(0}, 1,0}, -1, 0} +1), 0}

The possible cases are:

()S(op,04,0,41) = qS(04-1,04-1,0,)

(i)S(oy,,04,0441) = qS(0},,04,0} 41)

and so

S(04,04,0;4+1) = 0.

(iS(oy,,0,,0,4+1) = qS(0} 1,04 1,0 +1)
= Q[ZS(O'b_l,O'b_l,O'b)+S(O'|,+1,O'|,+1,O'|,)]
= q[25(0}, 1,0 -1,0,) +S(0},0,,0} 41)]

S(o,-1,0,-1,04)

2
S ,O0p, =<
(04,04,04 +1) )
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(iv)S(o},,04,0,41) 2q.0=0
and so

S(0,0,,0441) =0.

Thus S(oy,,04,044+1) 2 AS(0, 1,0, -1,0}) where 1 € {q,(lz_qq)} <1

Since V is Archimedean, by lemma (2.1) (o, ) is a V-Cauchy sequence in R and R is

SV .
V-complete, 3w € R such that ¢, — w. Hence there exist (¢, ) €V such that a}, | 0
and

S(op,0,,w) 2ay.
Now, we show that w is a fixed point of k. Since
S(w,w, kw) <X 25(w, w, ko) + Stkw, kw, ko, )
= 25(w,w,0}441) + qU(w,w,0} ) )
where
U(w,w,0,) € {S(w,w,0}),S(w,w, kw),S(w,w, kw),S(c,,0},kay,),
S(w,w, kw),S(w,w,ka,),S(0y,,0,,kw)}
= {S(ww,0,),5(w wkw),S5(0,,0,,0,11),S(w, 0,0, +1),
S(0y,0,kw)}
We have the following cases:
NS (w, w, kw) 2 25(w, w,0}, 41) +qS(w, w,0})

25(0} 41,0} 11, 0) +qS(0y,0,, W)

IA

2a, 41+ qay,
2+qgay,

IA

(iS(w, w, kw) =2 25(w,w, 04, 41) +qS(w, w, kw)
(1 - @)S(w, w,kw) = 25(0} 41,0 +1, )
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S(w,w, kw) <

2
1-q

=< a,

1_qa|7+1

(ii)S(w, w, kw) < 25(w,w,0} +1) + qS5(0),,04,0, 4+1)

<

IA TN

25(0 +1,0p 41, w) +q[25(0y,,04,,0) + S(0} 41,0 41, W)]
(2 + q)S(O-b+1'O-b+llw) + 2q5(0'|,,0'|,,(1))

C+@ayp 41 +2qay,
2Z+qay, +2qay
(2+3q)ay

(V)S(w, w, kw) X 25(w,w,0} 4+1) + qS(w, w,0, 1)

V)S(w, w, kw)

=25(0}+1,0}+1,0) +qS(0} 41,0 41, W)

IA

IA

<
=

(2 + q)S(O-b +1,0p +11w)
C+qgay 4
2+ qay,

25(w,w,0y, +1) +qS(0y,,04,kw)

25(0p +1,0p 41, w) +q[25(0y,0,,w) + S(kw, kw, w)]
25(0} 41,0 +1,@) + q[25(0}, 0}, ) + S(@, @, kw)]

(1 -S(w,w,kw) = 25(0} 11,0} 1+1,w) +2q5(0},,0}, )
1-9)S(w, wkw) X 2a, 41 +2qay
1-9S(w, wkw) X 2a, +2qa,

2(1+4q)

S ) )k 5
(w, w, kw) 1-4q

ay

In the last inequality of each case, the infimum on the right hand side is 0. So

that is

S(w,w, kw) =0
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ko =w

Thus k has a fixed point w. Now we prove w is unique If k has another fixed point w1,
then

kw, = w;.
Now
S(w,w,w,) =S(kw, kw, kw,) < qU(w, w, w1)

where

U(w, w,wq) € {S(w,w,wq),S(w,w,kw),S(w,w, kw),S(w,w, kw,),

S(w, w, kw), S(w, w, kw,),S(w1, wq, kw)}

= {S(w, w, wy), 0}
This implies

S(w,w,wq) =0.

So w = w,;. Hence k has a unique fixed point w.

Theorem 2.3 Let (R,S,V) be a vector S-metric space which is complete and V -
Archimedean. Let k: R = R be a map such that

S(kh,kd, k) < qU(h,9,))0<q<- and hOucR

where

1
Uh,9,u) € {5 [S(h,h, kh) + S(9, 9, k9) + S, ki),
1
S [S( 1y k) + S(9,9, ku) + S(w, k)],

ZISCh b k) + 50,9, k) + S 1, k)]

Then k has a unique fixed point.
Proof. Assume that g, € R and

o, =ko,_1b =1
Then

S(0y,,0,,0,41) = S(koy, _q,koy, 1, ko)

< qU(0},-1,0,-1,0})
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where

1
U(op-1,0,-1,04) € {5[S(0}—1,0,-1,ko},_1) +S(0} 1,0, 1, ko, 1) + S(0},,04,kay,)],
2

[S(o}, 1,0, -1, ko, 1) +S(0, 1,0, 1, ko) +S(oy,,0,, ko, _1)],

N[k N

[S(op-1,0p—1,ko,)+S(0}—1,0, -1, ko, 1) +5(0},04, ko, _1)]}

1
G50 -1,04-1,0,) +5(0,-1,04-1,0,) +5(0,04,0, 41)],

[S(6},-1,0,-1,0,) +S5(0, 1,0, 1,0 41) + S(0},,0,,,0,)],

N[k N|R

[S(0p-1,0p-1,041) +S(0},—1,04-4,0,) +S(0},04,,0,)]}

= {

N |-

1
[25(0),-1,04-1,04) +5(0),,01,0441)],5[S(0 —1,0,-1,04) +

S0, -1,0,-1,04+1)]}
The possible cases are:

)S(0},0,,0, 1) X 1[25(0} 1,0} -1,04) +S(04,04,0 41)]
q
(1—2)S(04,04,0441) = 5(0),-1,04-1,0)

2q
S(0,,0,,0h41) = ES(O—IJ—LO—I)—LO-b)

_

(i)S(0},,04,0p41) = 5[S(Op-1,0,-1,0,) +S(0-1,0, -1,0 41)]

2
<2[S(0h-1,04-1,0,) +25(0} 1,0, _1,04) + S(0} 41,04 41,0 )]

= J[5(0,-1,0,-1,04) +25(0},-1,04-1,0,,) + 5(0},,0},,0}, 41)]

q 3q
(1_§)S(Ub'0b'0b+1) < 75(0b-1,0b-1,0b)

3q
5(0},,0,,0,41) = TqS(UIJ—pUl;—pUl;)

Combining both cases, we get
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S(0y,,0,,0,41) 2 AS(0},-1,0},-1,04)
where

A€ {zz_—qq,;qu} <1
Since V is Archimedean, by lemma (2.1) (o, ) is a V-Cauchy sequence in R and R is

SV .
V-complete, 3w € R such that ¢, — w. Hence there exist (a, ) € V such that a«, 10
and

S(oy,,0p,w) 2 ay.
Now, we show that w is a fixed point of k. Since
S(w,w, kw) <X 25(w, w, ko) + S(kw, kw, ko, )
= 25(w, 0,0} 4+1) + qU(w, w,0) (6)
where

1
U(w,w,0,) € {E[S(w,w,kw) + S(w, w, kw) +S(0y,,04,kay,)],
1
E[S(w,w,kw) +S(w,w,Kop)+S(0oy,,0,, kw)],

1
E[S(w,w,kab) + S(w,w, kw) +S(oy,,04,kw)]}

1
€ {E[S(a),a),kw) + S(w, w, kw) +S(oy,,0,,ko)],

1
E[S(w,a),kw) +S(w,w,ka,)+S(oy,,0,,kw)]}
1 1
U(w,w,0,) € {E [25(w, w, kw) + S(ab,al,,0|,+1)],E[S(w,w,kw)

+S((U, w, 0} +1) + S(O-b yOy k(t))]}
We have the following cases:

)S (0, @ kw) = 25(@,,0, 41) +5[25(@, 0, kw) + S(a},0,,0} 41)]
< 25(0p4+1,0p 41, @) +%[25(w,w,kw) + 25(0y,,0,,w)

+5(0} 41,0} +1, W)]
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(1- DS(@,0,k0) < 2+DS(@) 11,0} 11,0) +45(0},0,,0)
+q 2q
20— T 2a -
4+q + 2q
21-q) 2(1-9q)
4 + 3q
21-9)

S(w,w, kw) <

(

ay,

S(w,w, kw) 2 ( )y,
(iS(w, w, kw) 2 25(w,w,0}, 41) + % [S(w, w, kw) + S(w,w, 0, +1)
+S(oy,,04,kw)]
q
= 25(0-17+110-l)+1'w)+E[S(“)rwrkw)+S(Gb+110b+1'w)

+2S5(0y,,04,w) + Stkw, kw, w)]

25(0} 41,04 41, 0) + 5 [S(@, 0, k) + S0} 41,0 41, 0)
+25(0y,,0p,w) + S(w, w, kw)]

q
(A= )S(w 0 kw) < (2+5)5(0) 41,0} +1, ) +4S(0},, 0}, ®)

same as in case(i)

4 + 3q
2(1-q)
In the last inequality of each case, the infimum on the right hand side is 0. So

S(w,w, kw) =0

S(w,w, kw) < ( Ya

that is
ko =w

Thus k has a fixed point w. Now we prove w is unique If k has another fixed point w,,
then

kw, = w;.
Now
S(w,w,wq) =S(kw, kw, kw,) < qU(w, w, w1)
where
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1
U(w,w,wq) € {z[S(w,w, kw) + S(w, w, kw) + S(w,, w1, kwy)],
2

~[S(@, 0, ko) + S(w, 0, ko) + S(wy, 01, k)],
~[S(@, 0, kwy) + S(w, 0, ko) + S(wy, 01, ko)]}
= {0,5(w, w, wq),S(w, w, w1)}
This implies
S(w,w,wq) =0.

S0 w = w;. Hence k has a unique fixed point.

Theorem 2.4 Let (R,S,V) be a vector S-metric space which is complete and V -
Archimedean. Let k: R = R be a map such that

S(kh, k9, k) < B max {S(h, 9, ), S(h, h, ki), S(9,9, k9), S(u, w, kiw)} +
VES(h, b, k) + S(9,9, ki) + S(w, 1, kR)} + S{S(h, b, ko)
+S(9,9, kh) + S(i, 1, k9)}
where #,9,u € R, B,y,6§ >0 and f + 4y + 46 <1 Then k has a unique fixed point.
Proof. Assume that g, € R and
o, =ko,_1b =1
Then
5(0y,,04,0441) =S(koy, 1, ko, _1,kay)
< Bmax{S(0}-1,04-1,04),5(0, 1,0, -1, k0 -1),S(0} -1,0} -1, koy, 1),
S(oy,04,ko )} +y{S(o,-1,0,-1,ko}, 1) +S(0, 1,0} 1, ko) +
S(oy,,0y,koy, 1)} +6{S(0}-1,0,-1,ka}) +S(0} 1,0} -1, ko, 1)
+S(oy,,04,koy 1)}

= pmax {S(0},-1,0,-1,04), S(0},-1,0,-1,0}), S(O}, 1,0, -1,0}),
S(0y,,0,,0,+)} +¥{S(0,-1,04-1,0,) +5(0},-1,0, 1,0}, 41) +
S(oy,,0,,04)}+6{S(0}, 1,0, 1,0} 4+1) +S(0},-1,0,-1,0})
+S(0y,,0,,0,)}

= B max{S(o},_1,0,-1,0,), S(0},,0,,0,4+1)}+ (¥ +6)
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{$(0p-1,0,-1,0,)+S8(0, 1,04 1,0}, 41)}

< pmax{S(o}-1,0,-1,0,),5(0},,04,0, 1)} + (v + ){S(0} 1,04 -1,0})
+25(0,-1,04-1,0,) +S(0} 41,0 41,0 )}

S(0y,,0,,0,41) = pmax{S(a}, _1,04,_1,04),5(0,,0,,04 4} +
¥y +6){35(0,-1,0p-1,0,) +S8(0},,0,,0 41)} (7)

Two cases arise:

()max {S(o},-1,0,-1,04), S(0},,04,044+1)} =5(0}-1,0},-1,0})
Then (7) becomes

S$(0,,0,041) X PS(O 1,0, -1,0,) + (¥ +6){35(0},-1,0,-1,0,) +
S(0,,04,0441)}

(1-y—-08)S(o},,0,,0,41) = (B+3y+36)S(0,-1,0,-1,04)

p+3y+36
S(0,,04,0441) = 1_)/—_65(%-1,%—1.01))

where
p+3y+36
1—-y-946
(ilmax {S(0,-1,0,-1,04,),5(0},,04,,04 41)} = S(0},04,0} 4+1)

Then (7) becomes

S5(0y,,0,,0,41) = BS(0},,04,0441) + (¥ +68){3S(0,-1,0,-1,0},) +
S(0,,04,0441)}
A-p-y—-08)S(oy,0,,0,41) = By +36)S(0},-1,04-1,0})
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3y+36
1-B-y-6

S5(0},,0,,0)41) = S(0,-1,0,-1,04)

where

3y+36
P <1

combining both cases, we get
S(0},04,044+1) 2AS(0}, 21,04, -1,0})
where

B+3y+36 3y+36

A€ 1-y-8 "1-B-y-6

1< 1.

Since V is Archimedean, by lemma (2.1) (o, ) is a V-Cauchy sequence in R and R is

SV .
V-complete, 3w € R such that ¢, — w. Hence there exist (a}, ) € V such that a«, 10

and
S(oy,0p,w) 2 ay.
Now, we show that w is a fixed point of k. Since
S(w,w, kw) X 25(w, w, ko, ) + Stkw, kw, ko)

< 2S(w,w,0} +1) + B max{S(w,w,0}),S(w, w, kw),

S(w,w, kw),S(ay,,0,,,ka,)} +v{S(w, v, kw) +
S(w,w,ka,)+S(g,,,0,,,kw)}+ 6{S(w,w, ko)
+S(w, w, kw) + S(oy,,0,,kw))}

= 2S(w,w,04, 41) + f max{S(w,w,o0}),S(w, w, kw),
S(oy,0,,ka,)}+ (¥ +0){S(w, w, kw) +

S(w,w,ka,)+S(oy,,0,kw)}

= 250 4+1,0p +1,w) + B max{S(o,,0,,w),S(w, w, kw),
§(4,05,04 40} + (¥ + O){S(w, , ko) +

S(w,w,0y41) +S(0},0},kw)}

< 25(0p 41,0, 41, @) + B max{S(o},0,,w),S(w, w, kw),

5(04,04,0+)} + (¥ + O){S(w, @, kw) +S(0} 41,0 +1, )
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+25(0y,,0p,w) + S(kw, kw, w)}

= 250 4+1,0p +1, @) + B max{S(o,,,0,,w),S(w, w, kw),
5(04,0,,0,+0)}+ (¥ + 8){25(w, w, kw) + 5(0} 41,0} 41, ®)
+25(0y,,0,,w)}

1-2y—-26)S(w, w, kw) 2 25(0}, 41,0}, 41, w) +  max{S(o},0,,w),S(w, w, kw),
S§(04,0,,0,41)}+ (¥ + {50} 41,0} 41, w) + 25(0},, 04, w)}
Three cases arise:

() max{S(o},,0,,w), S(w,w,kw), S(a,,0,,04+1)} =S(0},0},w)

1-2y-26)S(w,w,kw) X 25(0}, 41,041, w) + BS(0y,,0,,0) + (¥ +9)
{$(0} 41,0, 41, 0) +25(0},0,,, )}

1-2y-28)S(w,wkw) X R+y+da, 1+ (B +2y+26)a,

2+ +3y+36

S(w,w, kw) <
(w, w, kw) 1—2y—25 ay
by using the condition B + 4y + 46 < 1 we get —21[_;;)_/:538 > 0.
So
S(w, w, kaw) < ZEX3Y38 1o,

1-2y—26

This implies S(w, w, kw) = 0. So kw = w. Hence k has a fixed point w.

(iymax{S(oy,,0,,w), S(w, w, kw), S(ay,,0,,,0, +1)} = S(w, W, kw)

1-2y-26)S(w,w, kw) 2 25(0}, 41,0}, 41, w) + fS(w, w, kw) + (y + )
{$(0}+1,0} +1,0) +25(0},, 04, w)}
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A=-B-2y=20)S(w,w,kw) 2 2+y+8)S(O,+1,0p+1,0) + 2y +26)S(0},,0,,,w)

R 2+y+da, 1+ 2y +280)ay,
243y+38

< ZTorTeT
S(w,w, kw) < (1_ﬁ_2y_25)a|,

. . 2+3y+368
by using the condition § + 4y + 4§ <1 we get Gp-zy—20 > O
So
2+43y+36
S(w, w, kw) < Ap-zy—25) a, 0.

This implies S(w, w, kw) = 0. So kw = w. Hence k has a fixed point w.

(imax{S(o},,0},,w), S(w,w,kw), S(c},,04,0,41)}=S(0,,0,,0}41)

(1-2y - 28)S(w, w,kw) 2 25(0} 41,04 41, w) + BS(0,,0,,04 41) + (¥ +6)
{S(0} 41,041, 0) +25(0,,0,,w)}

(1-2y -28)S(w,w,kw) 2 25(0} 41,0} +1, @) + B[2S(0},, 0, w) + S(0} 41,0 41, )]
+( +6){S(0} 41,04 +1,w) + 25(0},, 0, w)}
S2+B+y+8)S(Oh 41,0, 41, w) + (B + 2y + 26)
S(oy,,0),w)
S 2H+pHy+da, 1+ (B +2y+20)ay,

242B+3y+36

S(w,w, kw) < 2y-25)

by using the condition g + 4y + 45 < 1 we get _2:12_ff24;3_y2;3)5 > 0.
So
2+2B+3y+36
S(w,w, kw) < “zy-z0) %P lo.

This implies S(w, w, kw) = 0. So kw = w. Hence k has a fixed point w.
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Now, we prove that w is unique If k has another fixed point w;, then
kw, = w;.
Now
S(w,w,w,) = S(kw, kw, kw,)
< B max {S(w,w,w1),S(w,w, kw),S(w,w, kw),S(w,w, kw)} +
Y{S(w,w, kw) + S(w,w, kw) + S(wq, w1, kw)} + 6{S(w, w, kw,)
+S(w, w, kw) + S(wq, w1, kw)}

< (B+2y+26)S(w,w,wq)

Since f+2y+25 <1, then we have S(w,w,w;)=0. SO w =w,. Hence k has a
unique fixed point w.

Corollary 2.5 Let (R,S,V) be a vector S-metric space which is complete and V-
Archimedean. Suppose the mappings k:Y — Y satisfies

S(kh, k9,kn) < qS(h,9,n) Vh9,m€R

where q € [0,1) . Then k € R has fixed point which is unique and for any n, € R,
iterative sequence (n,,) defined by n,, = kn,,,_,, for all m € N, V-converges to fixed
point of k.

This is Banach Contraction Principle for vector valued S-metric space.

Example 2.6 Let R = R,V = R? and
SIRXRXR > R?
defined by
S(h,9,m) = (a(h —9)% W —n)%y(n — 1)?)
where A,9,u €R, a,f,y=0and a+p+y >0
Then (R,S,V) is a complete vector S-metric space. Define k: R - R as
kh=2+5 VheR

this implies 7 = 10 is a fixed point of k. Then
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S(kh, k9, kn)

stis?is5,s
GF53+53+5)

= ~(ath—9)% B — )2y — W)?)
- %S(hﬂin)

qS(h,9,n)

IA

where g € [0,1) is constant. This shows that k has unique fixed point at 2 = 10.
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