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Abstract

This paper focuses on the Sawi transform of the Hilfer-Prabhakar fractional derivative and its regularised
form. We will determine the solution to Cauchy-type fractional differential equations with Hilfer-Prabhakar
fractional derivatives utilizing Sawi and Fourier's transformations involving the three-parameter Mittag-
Leffler function.
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1. INTRODUCTION

Fractional calculus is a branch of mathematics that deals with fractional integrals and
fractional derivatives of real or complex orders. In recent years fractional calculus got
much attention from researchers for mathematical modeling and different fields of study
in science and technology. In the literature, different kinds of fractional integrals and
derivatives are involved such as Riemann Liouville fractional integral and derivative,
Caputo derivative, Hilfer derivative, etc. [8, 11]. The Prabhakar integral [15] is the
modification of the Riemann-Liouville integral by extending its kernel with the three-
parameter Mittag-Leffler function. The Hilfer-Prabhakar derivative and its regularized
version were first introduced in[7]. Many researchers used Hilfer-Prabhakar fractional
derivatives in modeling and other fields due to their special properties, especially the
combination of several integral transforms like Laplace, Sumudu, Elzaki, Shehu, and
others [7, 14, 17, 4]. In 2019, Mahgoub et al. [18] found a new integral transform called
as Sawi transform. Now we can see that Sawi transform is widely used by researchers in
science and engineering to solve different kinds of problems for integral and differential
equations [10, 2, 13, 9, 5, 16].

In this paper, we find the Sawi transform of the Prabhakar integral, Prabhakar derivatives,
Hilfer-Prabhakar derivative and their regularization versions. Further, we applied these
results to some Cauchy-type fractional differential equations involving the Hilfer-
Prabhakar fractional derivative presented in terms of the Mittag-Leffler type function.
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Definition 1.1 [11] The Riemann Liouville fractional integral of order a > 0 of a function
Y(t) is given by

oTEP() = ﬁf (t—D)* Y(n)dr,t > 0. 1)

Definition 1.2 [11] The Riemann Liouville fractional derivative of order a of a function
Y(t) is given by

oDEY(t) = F(n 5 dtnf t—D)"* WYr)dr,n—-1<a<nneN. (2

Definition 1.3 [11] The Caputo fractional derivative of order a of a function y(t) is given
by

e fot t—-D)"Yy®W()dr,n—1<a<nneN  (3)

§DEY(D) =

Definition 1.4 [8] Let 0 < a <1 and 0 < B < 1, the Hilfer fractional derivative of ¢ (t) is
defined as

—a) d — —
oD p(t) = (P40 L (IO Py(ey), @
Definition 1.5 [15] The three-parameter Mittag-Leffler function given by Prabhakar is

14 e @*

A generalization of (5) is given by Garra et al. [7] as

ey po®) = tF1EY s(wt®), (6)
where w € Cand t > 0.
Definition 1.6 [15] Let ¢ € L'[0,b];0 <t < b < o0} P * eaﬂw € W™1[0,b],m = [B]. The
Prabhakar fractional integral of y(t) is given by

T pwot¥(® = f (t =P E} p(w(t —D))P(r)dr
= (lil} * ea‘ﬁ’w)(t)’

where a, 3,7, w € CandRe(a), Re(B) > 0.
Definition 1.7 [15] Let ¢ € L'[0,b],0 < t < b < o. The Prabhakar fractional derivative of
Y(t) is given by

DY 4o h(®) = 2770 o (D), 8)
where a, 3,y, w € C with Re(a), Re(f) > 0.

(7)
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Definition 1.8 [7] Let ¥ € AC[0,b],0<t<b <o and m=][B]. The regularized
Prabhakar fractional derivative of ¥ (t) is given by
‘DY 5ot PO =797 o o dtml/)( ), 9)
where a, 3,v, w € C with Re(a), Re(f) > 0.
Definition 1.9 [7, 12] Let Y €eL[0,h][0<f<1,0<v<10<bhb<t< 0 *

e;ﬁ:;%—ﬁ) () € AC*[0, b]. The Hilfer-Prabhakar fractional derivative of y(t) is given by

v.Bv _ yv -y(1-v)
D 0+1/)(t) (70( v(1-B),w,0% dt (7a,(1—v)(1—[3),a),0+l/})) ), (10)
where y,w € R and Re(a) > 0.

Definition 1.10 [12] Let ¢ € L'[0,b],0 < < 1,0 <v < 1,0 < b < t < . The regularized
Hilfer-Prabhakar fractional derivative of ¥(t) is given by

VBVP(E) _ —y(1-v) B
CDaw ot (gav(l -B),w, 0+:7a a-v)(1-B),w,0" gt lp) (®) ja 1-B,0w,0% 4t lp(t)'
(11)
where y,w € R and Re(a) > 0.
Definition 1.11 [6] The Fourier integral transform of a function ¥ (x) is given by
Flp(x), k] = ¢ (k) = [~ (x)exp(ikx)dx, (12)

where Y (x) is a piecewise continuous function defined on (—o, o) in each partial interval
and absolutely integrable in (—oo, ).

Definition 1.12 [18] Let T(s) be the Sawi integral transform to the function 1 (t) and is
defined by

Sa[p(t),s]1 = T(s) = 5 [, w(t) exp(<)dt

(13)
= ;fo exp(—t)y(st)dt,s € (A4, 4,),

over the set of functions
(%)
=Y(O)|IM, 11,2, > 0,k > 0, [Y(b)] < Me\Y/,ift € (—1) x [0, 00)¢,
The integral transform (13) exists for all Y (t) > k.

Sawi transform is a linear operator with many properties similar to other integral
transforms.
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Proposition 1.1 [3] If F(s) and G(s) are the Sawi transforms of the functions y(t) and
¢ (t) respectively then the convolution of Sawi is defined by

Sa[y(t) * p(t),s] = s2F(s)G(s), (14)
or equivalently
“s2F()G(s),t] = @ (L) * p(1)), (15)
where
(&) * p(0) = [ YOP(t — T)dr. (16)

Theorem 1.1 [18] Suppose T'(s) is the Sawi transform of ¥ (t), then the Sawi transform
of mt" derivative 1™ (t) is given by

Sa[p ™ (t),s] = sT"T(s) — LiZp s I(0),m = 0. (17)

2. MAIN RESULTS
Lemma 2.1 The Sawi transform of the Mittag-Leffler type function (6) is given as
Sa [tﬁ_lE;ﬁ(wt“),s] =sP2(1 - ws®) 7, w € C, (18)
where 0 < @ < 1 and Re(a), Re(f),Re(y) > 0.
Proof. Applying Sawi transform (13) on (6), we have
SatPEL j(wt®),s| =17 e (sHFIEL f(w(s)Dat, (19)
using (5) in (19), we have

_ 1 g1 (® _t,B- w  Mi(wst)H*
Sa [tﬁ 1E;ﬁ(wt“),s] =;sB Y, e P X Y, Wdt

— P2y (y)k(wsa) —t ak+p-1
77 k=0 F(ak+ﬁ)k'f t dt.

For |ws%| < 1, on simplification, we arrive at (18).
Lemma 2.2 The Sawi transform of Prabhakar fractional integral is defined as
Sa[ﬂyﬁw (), s] = sP(1 — ws®)YT(s). (20)
Proof. Applying Sawi transform (13) on (7), we have
Sa[7! ;o W(®),s] = Salfy (t = DFEL s(w(t — D)D), 5|
= Sa' I:(.l)[) * ezx/’ﬂ‘w)(t)l S] )]
using (14) in (21), we have
Sa[7! ;o W(®),s] = s2SatPTEL j(wt®),s| x Safw(t), s]. (22)

(21)
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Now, using (18) in (22), we arrive at (20).
Theorem 2.1 The Sawi transform of the Prabhakar fractional derivative is defined as

Sa[D}, 5 o+ (0),5] = s7F(1 = wsYT(s) = Tt s*™1DL o 0¥ (O)leso-
(23)

Proof. Applying Sawi transform (13) on definition (8), we have

Sa[D! ; , o+ (),5] Sa[ —9(6),s|, whereg(t) =777 (D), (24)
on using (17), we can write (24) as
Sa D] 5, o+ ¥(0)s]

= s™Salg(t), 5] — Tp5 sKm1g®0(0), W (0) = LI (O).

Now, using result (20) in (25), we get

Sa [DY ;0¥ (0)5]

= s7msmB (1 — ws ) Saf(e), 5] — Nyt skt L YOl e=o-

datk am -B,w,0t

(25)

In view of (8), we arrive at (23).

Theorem 2.2 The Sawi transform of regularized Prabhakar fractional derivative is defined
by

Sa[°DY , o+ W(®),s] = sF(1 — ws®)T(s) — Tig s P1(1 — ws®) @ (0%).  (26)

a,pw,
Proof. Applying Sawi transform (13) on definition (9), we have

Sa[*D! ;o W(B),s] =Sa 7T o Lh(b),s|, whereh(t) = L9, (27)
using result (20) in (27), we get

Sa[CDyﬁw o+ Y1), 5] = s™ B (1 — ws®)YSalh(t), s]. (28)

Now, using (17) in (28), we get

Sa[°D] ; o+ h(8),s] = s™F(1 — s [sTmSa[p(t),s] — Ty sF T (0)].
On simplification, we arrive at (26).
Theorem 2.3 Sawi transform of the Hilfer-Prabhakar fractional derivative is defined by
Sa[DYPY (), s] = sP(1 — ws® )Y'T(s)

a,w,0
— — - 1_
—sva-p) 2(1 - “)Sa)ija,)(/l(—v;/()l—ﬁ),w,o’rlp(t)|t=0+'
(29)
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Proof. Applying Sawi transform (13) on definition (10), we have
Sa[DVEY p(e),s] = SalT,0Y . ok (D),s], where k() =S Y0 (), (30)

a,w,0 dt " a,(1-v)(1-B),w,
on using result (20) in (30), we get
Sa [DLEY p(t),s] = sYAP)(1 — ws®)"Salk(t), s], (31)
in view of (17) and (20), we get
Sa [DLLb(®),s] =
- y(1-v) —24=v(1-V)

SYOP (1 = s [sTSalT 0 g e (O8] = s ) ap(0h)]

=sVA-A (1 — ws¥)r

X [0 - s OIS, 5] = 5L 0900
On simplification, we arrive at (29).

Theorem 2.4 The Sawi transform of regularized Hilfer-Prabhakar fractional derivative is
defined by

Sal°DLEY (), 5] = s (1 = ws T T(s) = s P71 (1 = ws ) (0*) (32)
Proof. Applying Sawi transform (13) on definition (11), we have
SalDEop(©:5] = Sa |31 0020 5] where 2(6) = Zu(®) (33)

in view of (20), we get

Sa[cDYPY (), s] = sTF(1— ws¥)Sa[z(t),s], (34)
using result (17) in (33), we get

Sa[CDYﬁf,+¢(t) 5] =s'P(L—ws®)[sT Sa[y(t),s] — sT2f(0M)].

On simplification, we arrive at (32).

3. APPLICATIONS

This section provides the applications of the Sawi transform on Hilfer-Prabhakar fractional
derivatives to the solution of some Cauchy-type fractional differential equations

Theorem 3.1 If the average fluid velocity p and the dispersion coefficient p are constants.
The solution of the generalized Cauchy-type problem for the fractional advection-
dispersion equation

DIPY (x,t) = —pDyap(x, t) + pAEY(x, ©), (35)
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subjected to

T 0t V(X 01) = g(x),a >0 (36)

limy(x,t) =0,t >0,
X—00
is given by

1 ©o 0 _ _ i . —
Y, 0) = = [ Ty VP10 g () (ipk — plk|PYPELSETTY o (0t )k,
(37)

A
where 0 < < 1,0<v<1;y,w,x € R, t € Rt and Az is discussed in [1].

Proof. For y(x,t), let ¥(x,s) be the Sawi transform w.r.t t and *(k,t) be the Fourier
transform w.r.t x. On applying the Fourier and Sawi transforms to (35) and then using (29)
and (36), we have

51— wsO)Y (k,s) — s"AA2(1 — s®)rvg YY) ¥ (k,0) = ipky) (k,s) — plk|* P (k,s)

a,(1-v)(1-B),w,0*
5P — ws®)Y (k,5) — s*EB2(1 — ws ) g* (k) = ipk (k,s) — plk|*P (k,s)
Y (k,s)[s7F(1 — ws®) + plk|* — ipk] = s"CF=2(1 — ws®)" g* (k).
On simplification,
Tl s) = S0P aes e )

plk|A-ipk ]
s~B-ws®)Y

S‘B(l—ws“)7[1+

—plk| +ipk ]”
sTB(1-ws®)Y

P (k,s) = s"OPH2 (1 — s g" (k) B |
P 5) = Bitzo (ipk — plk|)"sYAPHBHR=2(1 — 5@V -1 g (i),

plk|*~ivk
For s~B(1-ws®)Y

(18) and (12).
Theorem 3.2 If the average fluid velocity p and the dispersion coefficient p are constants.

The solution of the generalized Cauchy-type problem for the fractional advection-
dispersion equation

< 1, we can arrive at (37) by using the inverse form of integral transforms

A
CDYEY p(x,t) = —pDaap(x, t) + pAap(x, t), (38)
subjected to
Y(x,0t) = g(x),x ER (39)

lim (e 6) =0t >0,
X|—00

is given by
1 [® @ —j .
P(x,t) = o= [0 Ty tPre TR g (k) (ipk — plk|M)EY 4qy (Wt dK, (40)
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A
where 0 < < 1,0<v<1;y,w,x € R, t € Rt and Az is discussed in [1].

Proof. For y(x,t), let 1(x,s) be the Sawi transform w.r.t t and *(k,t) be the Fourier
transform w.r.t x. On applying the Fourier and Sawi transforms to (38) and then using (32)
and (39), we have

sTP(1— wsY (k,s) —sF1(1 — ws®)YP*(k, 0) = ipkyp (k,s) — plk|P (k,s)
W (k,$)[s™P(1 — ws®)Y + plk|* — ipk] = sF71(1 — ws®)Y g* (k).
On simplification,
o __ sTPa-esMYe ()
Y (ks)= plk|A—ipk ]

S_B(l—a)s“)y

s—ﬁ(l—ws“)y[1+

— 1 ” ipk-plk|* 1"

Y (e s) = 579" () Ditmo o]

Y (k,s) = g (k) Xxoo (ipk — plk|H"sPP=1(1 — ws®) ™1™,
plk|*—ipk

For [s‘ﬁ(l—ws“)y

(18) and (12).

Theorem 3.3 Let0 < <1,0<v <1 andy > 0. The solution of Cauchy type fractional
differential equation

] < 1, we can arrive at (40) by using the inverse form of integral transforms

eI b6, 6) = —2(1 = (e, 0), [l < 1, (1)
f(x,0)=1, (42)
is given by

P(x,t) =Xaso ("1 — X)"tﬁ"EZ,’};n+1(—wt“).(43)
where w,y,x € R;a,t,A > 0.

Proof. Let /(x, s) be the Sawi transform of y(x, t) w.r.t t. On applying the Sawi transform
to (41) and then using (32) and (42), we have

s+ ws®) Pk, s) — s2F (1 + ws®) P (x,0) = (1 — x)P(x,s)
Yk, $)[s P14+ ws®)Y + 1(1 —x)] = s7F~1(1 4+ ws¥).
On simplification,

w(k,s) =

sTB 11+ ws®)Y
A(1—x) ]
s~B(1+ws®)Y

Pk s) = 57 By [l ]
Y(k,s) = T ()L — x)"sFL(1 + ws®) ™

S—B(1+ws“)y[1+
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A(1—x)

TP (rwse) < 1, we can arrive at (43) by using the inverse form of transform (18).

For

Theorem 3.4 Let y(t) € L1[0,20);0 < < 1,0 <v <1; y,8 = 0. The solution of Cauchy
type fractional differential equation

DL VO = A3 50 (0) +Y(0), "
subjected to
—v(1-v) _
(7a,(1—v)(1—3),w,0+¢(t)) le=o = M, (45)
is given by

W(t) = X2, AngY oY) V() + MIZ, A FenrDva-p)-1

a,f(2n+l)w,
sn+yn+y—-yv
X Eq\ii-py+pan+ny (@),

(46)

where w,y,A € R; M, t,a > 0.
Proof. Let 7 (s) be the Sawi transform of ¥ (t), applying the Sawi transform on (44) and
then using (29), (45) and (20), we have

Sa|DYEn v (©), 5] = SalAsg 5, o (®) + ¥ (O)]

_ — - -y(1-
sTR(1 — ws®)"T(s) —sVAA=2(1 — ws¥)V 7a,](/1(_v;/()1_ﬁ),w,0+l/)(t)|t=o

= 25a[(Y * eg ) (1), S| + Saly(t),s]
sTR(1 — ws®"T(s) —sVAA72(1 — ws¥) "M = AsP (1 — ws*)~°T(s) + Sa[y(t),s].
On simplification,
_ Saly(®),s]+s*1 A2 (1-ws*) VM

T(S) - _Asﬁ(l—ws“)_a]
s—Ba-ws®)Y

5-3(1—wsa)y[1
_ Sa[y(t),s]+sv(1‘ﬁ>-2(1—wsﬂt)WMZ00 [Asﬁ(l_wsa)—a n
= sTB(1-ws®)Y n=0 | =B (1-ws®)r
safy(t),s]+s" =P 2(1-ws®)VVM o o
- s~B(1-ws®)Y ano Anszﬁn(l — ws%) dn-yn
= (Saly(),s] + s* 02 (L — wsM) $50 A2 (1 — ws@) oy
= Saly(t), 5] £5o A2 (1 — ws®) ~onYnY
+M Z%ozo An523n+ﬁ+v(1—ﬁ)—2(1 _ wsa)_gn_yn_y_l_yv.

AsP(1-ws®)~8
sTB(1-ws®)Y

For [ ] < 1, we can arrive at (46) by using the inverse form of transform (18).
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Theorem 3.5Let0 < £ < 1,0 <v <1andy = 0. The solution of the generalized Cauchy-
type problem for the fractional heat equation

62

DIEY p(x t) = Mo (x, 1), (47)
subjected to

T 0t ¥ E D=0 = 9 () (48)

limy(x,t) =0,

X—00
is given by

1 00 o s _ v _
Pl t) =5 [0 Ty e g (k) (~MkRnF e D-vE-D-1 T GIIE L gdk, (49)

where w,y,x € R; M, t,a > 0.

Proof. For y(x,t), let (x,s) be the Sawi transform w.r.t t and *(k,t) be the Fourier
transform w.r.t x. On applying the Fourier and Sawi transforms to (47) and then using (29)
and (48), we have

_ —-* —_B)— —-y(1—- —-*
sTP —wsO)Y (k,s) —svAP-2(1 — wsa)yvja,](/l(—v;l()l—ﬂ),w,o*' f(x,0) = =MK% (k,s)

sB(1 — ws®)YP (k,s) — sYAP2(1 — s g*(k) = —Mk?P (k,s)
W (k,$)[s™F (1 — ws®)Y + Mk?] = sVF=2(1 — ws®)" g* (k).
On simplification,

—% _ Sv(l—ﬁ)—Z(l_wSa)yvg*(k)
¥ (k) = sTB(1-ws*)Y +Mk2
Bl s) = P00y

-B(1— ay[ Mikz]
sTP(1-ws%) 1+s‘ﬁ(1—ws“)y

-mk2 1"
5‘5(1—(»5“)7]

W (k,s) = sYAP72(1 — ws®)VY g (k) Ty (~MKk2)"sPr(1 — ws®) ™
D (k,s) = g* (k) X2l (—ME2)nsBnva=B+B-2(1 — gyg@yrv=rn-y,

Mk? . . . .
For (m) <1, we can arrive at (49) by using the inverse form of integral

transforms (18) and (12).

Theorem 3.6 Let0 < < 1,0<v <1andy = 0. The solution of the generalized Cauchy-
type problem for the fractional heat equation

P (e s) = P21 — ws T g (k) B |

aZ
CDVPY (x,t) = No—1p(x, 1), (50)

W,
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subjected to

Y(x,0) = g(x) (51)
limy(x,£) = 0,

is given by
P, t) = o= [0 Ty e RN | (0t®) (~NE2)tPr g (k) dk, (52)

where w,y,x € R;N,t,a > 0.

Proof. For ¥ (x,t), let ¥(x,s) be the Sawi transform w.r.t t and y*(k,t) be the Fourier
transform w.r.t x. On applying the Fourier and Sawi transforms to (50) and then using (32)
and (51), we have

s7B(1 = wsP (k,s) — s~F~1(1 — ws®) P (k,0) = —NkZP (k, s)
D (e, $)[s P (1 — ws®) + Nk?] = s F~1(1 — ws®)? g* (k).
On simplification,

-B(1— ay[ N—kz]
sTP(1-ws%) 1+S_B(1—ws“)y

T (hs) =57 () St [
P e s) = 579" () Zizg (~NKDYSP(1 = ws®)¥g* ()
Pk s) = Big (—NKD P11 — ws®) Pg (k).

2
For % < 1, we can arrive at (52) by using the inverse form of integral transforms

(18) and (12).

4. CONCLUSION

This article begins with the Sawi transform on Hilfer-Prabhakar and regularizations of
Hilfer-Prabhakar fractional derivatives. We then demonstrate how the three parameters
of the Mittag-Leffler function can be utilized in Sawi and Fourier transformations to solve
a set of Cauchy-type fractional differential equations with Hilfer-Prabhakar fractional
derivatives. This result demonstrates the effectiveness of this method for solving
fractional differential equations.
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