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Abstract 

This paper focuses on the Sawi transform of the Hilfer-Prabhakar fractional derivative and its regularised 
form. We will determine the solution to Cauchy-type fractional differential equations with Hilfer-Prabhakar 
fractional derivatives utilizing Sawi and Fourier’s transformations involving the three-parameter Mittag-
Leffler function. 
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1. INTRODUCTION 

Fractional calculus is a branch of mathematics that deals with fractional integrals and 
fractional derivatives of real or complex orders. In recent years fractional calculus got 
much attention from researchers for mathematical modeling and different fields of study 
in science and technology. In the literature, different kinds of fractional integrals and 
derivatives are involved such as Riemann Liouville fractional integral and derivative, 
Caputo derivative, Hilfer derivative, etc. [8, 11]. The Prabhakar integral [15] is the 
modification of the Riemann-Liouville integral by extending its kernel with the three-
parameter Mittag-Leffler function. The Hilfer-Prabhakar derivative and its regularized 
version were first introduced in[7]. Many researchers used Hilfer-Prabhakar fractional 
derivatives in modeling and other fields due to their special properties, especially the 
combination of several integral transforms like Laplace, Sumudu, Elzaki, Shehu, and 
others [7, 14, 17, 4]. In 2019, Mahgoub et al. [18] found a new integral transform called 
as Sawi transform. Now we can see that Sawi transform is widely used by researchers in 
science and engineering to solve different kinds of problems for integral and differential 
equations [10, 2, 13, 9, 5, 16]. 

In this paper, we find the Sawi transform of the Prabhakar integral, Prabhakar derivatives, 
Hilfer-Prabhakar derivative and their regularization versions. Further, we applied these 
results to some Cauchy-type fractional differential equations involving the Hilfer-
Prabhakar fractional derivative presented in terms of the Mittag-Leffler type function. 
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Definition 1.1 [11] The Riemann Liouville fractional integral of order 𝛼 > 0 of a function 
𝜓(𝑡) is given by  

  0ℐ𝑡
𝛼𝜓(𝑡) =

1

Γ(𝛼)
∫

𝑡

0
(𝑡 − 𝜏)𝛼−1𝜓(𝜏)𝑑𝜏, 𝑡 > 0.    (1) 

Definition 1.2 [11] The Riemann Liouville fractional derivative of order 𝛼 of a function 

𝜓(𝑡) is given by  

  0𝒟𝑡
𝛼𝜓(𝑡) =

1

Γ(𝑛−𝛼)

𝑑𝑛

𝑑𝑡𝑛 ∫
𝑡

0
(𝑡 − 𝜏)𝑛−𝛼−1𝜓(𝜏)𝑑𝜏, 𝑛 − 1 < 𝛼 < 𝑛, 𝑛 ∈ ℕ. (2) 

Definition 1.3 [11] The Caputo fractional derivative of order 𝛼 of a function 𝜓(𝑡) is given 
by  

   0
𝐶𝒟𝑡

𝛼𝜓(𝑡) =
1

Γ(𝑛−𝛼)
∫

𝑡

0
(𝑡 − 𝜏)𝑛−𝛼−1𝜓(𝑛)(𝜏)𝑑𝜏, 𝑛 − 1 < 𝛼 < 𝑛, 𝑛 ∈ ℕ. (3) 

Definition 1.4 [8] Let 0 < 𝛼 < 1 and 0 ≤ 𝛽 ≤ 1, the Hilfer fractional derivative of 𝜓(𝑡) is 
defined as  

  0𝒟𝑡
𝛼,𝛽

𝜓(𝑡) = ( 0ℐ𝑡
𝛽(1−𝛼) 𝑑

𝑑𝑡
(0ℐ𝑡

(1−𝛼)(1−𝛽)
𝜓(𝑡))).    (4) 

Definition 1.5 [15] The three-parameter Mittag-Leffler function given by Prabhakar is  

 𝐸𝛼,𝛽
𝛾

(𝑧) = ∑∞
𝑘=0

(𝛾)𝑘

Γ(𝛼𝑘+𝛽)

(𝑧)𝑘

𝑘!
, 𝑧, 𝛼, 𝛽, 𝛾 ∈ ℂ, 𝛼 > 0.    (5) 

A generalization of (5) is given by Garra et al. [7] as  

 𝑒𝛼,𝛽,𝜔
𝛾

(𝑡) = 𝑡𝛽−1𝐸𝛼,𝛽
𝛾

(𝜔𝑡𝛼),       (6) 

where 𝜔 ∈ ℂ and 𝑡 > 0.  

Definition 1.6 [15] Let 𝜓 ∈ 𝐿1[0, 𝑏]; 0 < 𝑡 < 𝑏 < ∞; 𝜓 ∗ 𝑒𝛼,𝛽,𝜔
𝛾

∈ 𝑊𝑚,1[0, 𝑏], 𝑚 = ⌈𝛽⌉. The 

Prabhakar fractional integral of 𝜓(𝑡) is given by  

 
ℐ

𝛼,𝛽,𝜔,0+
𝛾

𝜓(𝑡) = ∫
𝑡

0
(𝑡 − 𝜏)𝛽−1𝐸𝛼,𝛽

𝛾
(𝜔(𝑡 − 𝜏)𝛼)𝜓(𝜏)𝑑𝜏

= (𝜓 ∗ 𝑒𝛼,𝛽,𝜔
𝛾

)(𝑡),
   (7) 

where 𝛼, 𝛽, 𝛾, 𝜔 ∈ ℂ𝑎𝑛𝑑𝑅𝑒(𝛼), 𝑅𝑒(𝛽) > 0.  

Definition 1.7 [15] Let 𝜓 ∈ 𝐿1[0, 𝑏],0 < 𝑡 < 𝑏 < ∞. The Prabhakar fractional derivative of 
𝜓(𝑡) is given by  

 𝒟
𝛼,𝛽,𝜔,0+
𝛾

𝜓(𝑡) =
𝑑𝑚

𝑑𝑡𝑚 ℐ
𝛼,𝑚−𝛽,𝜔,0+
−𝛾

𝜓(𝑡),     (8) 

where 𝛼, 𝛽, 𝛾, 𝜔 ∈ ℂ with 𝑅𝑒(𝛼), 𝑅𝑒(𝛽) > 0. 
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Definition 1.8 [7] Let 𝜓 ∈ 𝐴𝐶1[0, 𝑏],0 < 𝑡 < 𝑏 < ∞ and 𝑚 = ⌈𝛽⌉. The regularized 
Prabhakar fractional derivative of 𝜓(𝑡) is given by  

  𝐶𝒟
𝛼,𝛽,𝜔,0+
𝛾

𝜓(𝑡) = ℐ
𝛼,𝑚−𝛽,𝜔,0+
−𝛾 𝑑𝑚

𝑑𝑡𝑚
𝜓(𝑡),     (9) 

where 𝛼, 𝛽, 𝛾, 𝜔 ∈ ℂ with 𝑅𝑒(𝛼), 𝑅𝑒(𝛽) > 0.  

Definition 1.9 [7, 12] Let 𝜓 ∈ 𝐿1[0, 𝑏],0 < 𝛽 < 1,0 ≤ 𝜈 ≤ 1,0 < 𝑏 < 𝑡 < ∞, 𝜓 ∗

𝑒𝛼,(1−𝜈)(1−𝛽),𝜔
−𝛾(1−𝜈)

(. ) ∈ 𝐴𝐶1[0, 𝑏]. The Hilfer-Prabhakar fractional derivative of 𝜓(𝑡) is given by  

 𝒟
𝛼,𝜔,0+
𝛾,𝛽,𝜈

𝜓(𝑡) = (ℐ
𝛼,𝜈(1−𝛽),𝜔,0+
−𝛾𝜈 𝑑

𝑑𝑡
(ℐ

𝛼,(1−𝜈)(1−𝛽),𝜔,0+
−𝛾(1−𝜈)

𝜓)) (𝑡),   (10) 

where 𝛾, 𝜔 ∈ ℝ and 𝑅𝑒(𝛼) > 0.  

Definition 1.10 [12] Let 𝜓 ∈ 𝐿1[0, 𝑏],0 < 𝛽 < 1,0 ≤ 𝜈 ≤ 1,0 < 𝑏 < 𝑡 < ∞. The regularized 

Hilfer-Prabhakar fractional derivative of 𝜓(𝑡) is given by  

 𝐶𝒟
𝛼,𝜔,0+
𝛾,𝛽,𝜈𝜓(𝑡)

= (ℐ
𝛼,𝜈(1−𝛽),𝜔,0+
−𝛾𝜈

ℐ
𝛼,(1−𝜈)(1−𝛽),𝜔,0+
−𝛾(1−𝜈) 𝑑

𝑑𝑡
𝜓) (𝑡) = ℐ

𝛼,1−𝛽,𝜔,0+
−𝛾

 
𝑑

𝑑𝑡
𝜓(𝑡),

 (11) 

where 𝛾, 𝜔 ∈ ℝ and 𝑅𝑒(𝛼) > 0.  

Definition 1.11 [6] The Fourier integral transform of a function 𝜓(𝑥) is given by  

 𝐹[𝜓(𝑥), 𝑘] = 𝜓∗(𝑘) = ∫
∞

−∞
𝜓(𝑥)𝑒𝑥𝑝(𝑖𝑘𝑥)𝑑𝑥,    (12) 

where 𝜓(𝑥) is a piecewise continuous function defined on (−∞, ∞) in each partial interval 
and absolutely integrable in (−∞, ∞).  

Definition 1.12 [18] Let 𝒯(𝑠) be the Sawi integral transform to the function 𝜓(𝑡) and is 
defined by 

 

 
𝑆𝑎[𝜓(𝑡), 𝑠] = 𝒯(𝑠) =

1

𝑠2 ∫
∞

0
𝜓(𝑡) 𝑒𝑥𝑝 (

−𝑡

𝑠
) 𝑑𝑡

=
1

𝑠
∫

∞

0
𝑒𝑥𝑝(−𝑡)𝜓(𝑠𝑡)𝑑𝑡, 𝑠 ∈ (𝜆1, 𝜆2),

(13) 

 over the set of functions  

 𝒜 = {𝜓(𝑡)|∃𝑀, 𝜆1, 𝜆2 > 0, 𝑘 > 0, |𝜓(𝑡)| ≤ 𝑀𝑒
(

𝑡

𝜆𝑗
)

, 𝑖𝑓𝑡 ∈ (−1)𝑗 × [0, ∞)}, 

The integral transform (13) exists for all 𝜓(𝑡) > 𝑘. 

Sawi transform is a linear operator with many properties similar to other integral 
transforms.  
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Proposition 1.1 [3] If ℱ(𝑠) and 𝒢(𝑠) are the Sawi transforms of the functions 𝜓(𝑡) and 
𝜙(𝑡) respectively then the convolution of Sawi is defined by 

 𝑆𝑎[𝜓(𝑡) ∗ 𝜙(𝑡), 𝑠] = 𝑠2ℱ(𝑠)𝒢(𝑠),      (14) 

 or equivalently  

 𝑇−1[𝑠2ℱ(𝑠)𝒢(𝑠), 𝑡] = (𝜓(𝑡) ∗ 𝜙(𝑡)),     (15) 

where  

 𝜓(𝑡) ∗ 𝜙(𝑡) = ∫
∞

0
𝜓(𝜏)𝜙(𝑡 − 𝜏)𝑑𝜏.      (16) 

Theorem 1.1 [18] Suppose 𝒯(𝑠) is the Sawi transform of 𝜓(𝑡), then the Sawi transform 

of 𝑚𝑡ℎ derivative 𝜓(𝑚)(𝑡) is given by  

 𝑆𝑎[𝜓(𝑚)(𝑡), 𝑠] = 𝑠−𝑚𝒯(𝑠) − ∑𝑚−1
𝑘=0 𝑠𝑘−𝑚−1𝜓(𝑘)(0), 𝑚 ≥ 0.  (17) 

  

2. MAIN RESULTS 

Lemma 2.1 The Sawi transform of the Mittag-Leffler type function (6) is given as  

 𝑆𝑎 [𝑡𝛽−1𝐸𝛼,𝛽
𝛾

(𝜔𝑡𝛼), 𝑠] = 𝑠𝛽−2(1 − 𝜔𝑠𝛼)−𝛾, 𝜔 ∈ ℂ,    (18) 

where 0 < 𝛼 < 1 and 𝑅𝑒(𝛼), 𝑅𝑒(𝛽), 𝑅𝑒(𝛾) > 0.  

Proof. Applying Sawi transform (13) on (6), we have  

 𝑆𝑎 [𝑡𝛽−1𝐸𝛼,𝛽
𝛾

(𝜔𝑡𝛼), 𝑠] =
1

𝑠
∫

∞

0
𝑒−𝑡(𝑠𝑡)𝛽−1𝐸𝛼,𝛽

𝛾
(𝜔(𝑠𝑡)𝛼)𝑑𝑡,  (19) 

using (5) in (19), we have  

 
𝑆𝑎 [𝑡𝛽−1𝐸𝛼,𝛽

𝛾
(𝜔𝑡𝛼), 𝑠] =

1

𝑠
𝑠𝛽−1 ∫

∞

0
𝑒−𝑡𝑡𝛽−1 × ∑∞

𝑘=0
(𝛾)𝑘(𝜔(𝑠𝑡)𝛼)𝑘

Γ(𝛼𝑘+𝛽)𝑘!
𝑑𝑡

= 𝑠𝛽−2 ∑∞
𝑘=0

(𝛾)𝑘(𝜔𝑠𝛼)𝑘

Γ(𝛼𝑘+𝛽)𝑘!
∫

∞

0
𝑒−𝑡𝑡𝛼𝑘+𝛽−1𝑑𝑡.

 

For |𝜔𝑠𝛼| < 1, on simplification, we arrive at (18).  

Lemma 2.2 The Sawi transform of Prabhakar fractional integral is defined as 

 𝑆𝑎[ℐ
𝛼,𝛽,𝜔,0+
𝛾

𝜓(𝑡), 𝑠] = 𝑠𝛽(1 − 𝜔𝑠𝛼)−𝛾𝒯(𝑠).     (20) 

Proof. Applying Sawi transform (13) on (7), we have  

 
𝑆𝑎[ℐ

𝛼,𝛽,𝜔,0+
𝛾

𝜓(𝑡), 𝑠] = 𝑆𝑎 [∫
𝑡

0
(𝑡 − 𝜏)𝛽−1𝐸𝛼,𝛽

𝛾
(𝜔(𝑡 − 𝜏)𝛼)𝜓(𝜏)𝑑𝜏, 𝑠]

= 𝑆𝑎 [(𝜓 ∗ 𝑒𝛼,𝛽,𝜔
𝛾

)(𝑡), 𝑠] ,
 (21) 

using (14) in (21), we have  

 𝑆𝑎[ℐ
𝛼,𝛽,𝜔,0+
𝛾

𝜓(𝑡), 𝑠] = 𝑠2𝑆𝑎 [𝑡𝛽−1𝐸𝛼,𝛽
𝛾

(𝜔𝑡𝛼), 𝑠] × 𝑆𝑎[𝜓(𝑡), 𝑠].  (22) 
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Now, using (18) in (22), we arrive at (20).  

Theorem 2.1 The Sawi transform of the Prabhakar fractional derivative is defined as  

 𝑆𝑎[𝒟
𝛼,𝛽,𝜔,0+
𝛾

𝜓(𝑡), 𝑠] = 𝑠−𝛽(1 − 𝜔𝑠𝛼)𝛾𝒯(𝑠) − ∑𝑚−1
𝑘=0 𝑠𝑘−𝑚−1𝒟

𝛼,𝑘−𝑚+𝛽,𝜔,0+
𝛾

𝜓(𝑡)|𝑡=0.     

                                                                        (23) 

Proof. Applying Sawi transform (13) on definition (8), we have  

 𝑆𝑎[𝒟
𝛼,𝛽,𝜔,0+
𝛾

𝜓(𝑡), 𝑠] = 𝑆𝑎 [
𝑑𝑚

𝑑𝑡𝑚 𝑔(𝑡), 𝑠] , 𝑤ℎ𝑒𝑟𝑒𝑔(𝑡) = ℐ
𝛼,𝑚−𝛽,𝜔,0+
−𝛾

𝜓(𝑡),  (24) 

on using (17), we can write (24) as  

𝑆𝑎 [𝒟
𝛼,𝛽,𝜔,0+
𝛾

𝜓(𝑡), 𝑠]

= 𝑠−𝑚𝑆𝑎[𝑔(𝑡), 𝑠] − ∑𝑚−1
𝑘=0 𝑠𝑘−𝑚−1𝑔(𝑘)(0), 𝑔(𝑘)(0) =

𝑑𝑘

𝑑𝑡𝑘 ℐ
𝛼,𝑚−𝛽,𝜔,0+
−𝛾

𝜓(0).
  (25) 

Now, using result (20) in (25), we get  

 
𝑆𝑎 [𝒟

𝛼,𝛽,𝜔,0+
𝛾

𝜓(𝑡), 𝑠]

= 𝑠−𝑚𝑠𝑚−𝛽(1 − 𝜔𝑠𝛼)𝛾𝑆𝑎[𝜓(𝑡), 𝑠] − ∑𝑚−1
𝑘=0 𝑠𝑘−𝑚−1 𝑑𝑘

𝑑𝑡𝑘 ℐ
𝛼,𝑚−𝛽,𝜔,0+
−𝛾

𝜓(𝑡)|𝑡=0.
 

In view of (8), we arrive at (23).  

Theorem 2.2 The Sawi transform of regularized Prabhakar fractional derivative is defined 
by  

𝑆𝑎[𝐶𝒟
𝛼,𝛽,𝜔,0+
𝛾

𝜓(𝑡), 𝑠] = 𝑠−𝛽(1 − 𝜔𝑠𝛼)𝛾𝒯(𝑠) − ∑𝑚−1
𝑘=0 𝑠𝑘−𝛽−1(1 − 𝜔𝑠𝛼)𝛾𝜓(𝑘)(0+). (26) 

 Proof. Applying Sawi transform (13) on definition (9), we have  

 𝑆𝑎[𝐶𝒟
𝛼,𝛽,𝜔,0+
𝛾

𝜓(𝑡), 𝑠] = 𝑆𝑎 [ℐ
𝛼,𝑚−𝛽,𝜔,0+
−𝛾

ℎ(𝑡), 𝑠] , 𝑤ℎ𝑒𝑟𝑒ℎ(𝑡) =
𝑑𝑚

𝑑𝑡𝑚 𝜓(𝑡),  (27) 

using result (20) in (27), we get  

 𝑆𝑎[𝐶𝒟
𝛼,𝛽,𝜔,0+
𝛾

𝜓(𝑡), 𝑠] = 𝑠𝑚−𝛽(1 − 𝜔𝑠𝛼)𝛾𝑆𝑎[ℎ(𝑡), 𝑠].    (28) 

Now, using (17) in (28), we get  

 𝑆𝑎[𝐶𝒟
𝛼,𝛽,𝜔,0+
𝛾

𝜓(𝑡), 𝑠] = 𝑠𝑚−𝛽(1 − 𝜔𝑠𝛼)𝛾[𝑠−𝑚𝑆𝑎[𝜓(𝑡), 𝑠] − ∑𝑚−1
𝑘=0 𝑠𝑘−𝑚−1𝜓(𝑘)(0)]. 

On simplification, we arrive at (26).  

Theorem 2.3 Sawi transform of the Hilfer-Prabhakar fractional derivative is defined by  

𝑆𝑎[𝒟
𝛼,𝜔,0+
𝛾,𝛽,𝜈

𝜓(𝑡), 𝑠] = 𝑠−𝛽(1 − 𝜔𝑠𝛼 )𝛾𝒯(𝑠)

−𝑠𝜈(1−𝛽)−2(1 − 𝜔𝑠𝛼)𝛾𝜈ℐ
𝛼,(1−𝜈)(1−𝛽),𝜔,0+
−𝛾(1−𝜈)

𝜓(𝑡)|𝑡=0+ .
 

            (29) 
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Proof. Applying Sawi transform (13) on definition (10), we have  

𝑆𝑎[𝒟
𝛼,𝜔,0+
𝛾,𝛽,𝜈

𝜓(𝑡), 𝑠] = 𝑆𝑎 [ℐ
𝛼,𝜈(1−𝛽),𝜔,0+
−𝛾𝜈

𝑘(𝑡), 𝑠] , 𝑤ℎ𝑒𝑟𝑒  𝑘(𝑡) =
𝑑

𝑑𝑡
ℐ

𝛼,(1−𝜈)(1−𝛽),𝜔,0+
−𝛾(1−𝜈)

𝜓(𝑡),   (30)    

on using result (20) in (30), we get  

 𝑆𝑎 [𝒟
𝛼,𝜔,0+
𝛾,𝛽,𝜈

𝜓(𝑡), 𝑠] = 𝑠𝜈(1−𝛽)(1 − 𝜔𝑠𝛼)𝛾𝜈𝑆𝑎[𝑘(𝑡), 𝑠],    (31) 

in view of (17) and (20), we get  

𝑆𝑎 [𝒟
𝛼,𝜔,0+
𝛾,𝛽,𝜈

𝜓(𝑡), 𝑠] =

𝑠𝜈(1−𝛽)(1 − 𝜔𝑠𝛼)𝛾𝜈 [𝑠−1𝑆𝑎[ℐ
𝛼,(1−𝜈)(1−𝛽),𝜔,0+
−𝛾(1−𝜈)

𝜓(𝑡), 𝑠] − 𝑠−2ℐ
𝛼,(1−𝜈)(1−𝛽),𝜔,0+
−𝛾(1−𝜈)

𝜓(0+)]

= 𝑠𝜈(1−𝛽)(1 − 𝜔𝑠𝛼)𝛾𝜈

× [𝑠(1−𝜈)(1−𝛽)−1(1 − 𝜔𝑠𝛼)𝛾(1−𝜈)𝑆𝑎[𝜓(𝑡), 𝑠] − 𝑠−2ℐ
𝛼,(1−𝜈)(1−𝛽),𝜔,0+
−𝛾(1−𝜈)

𝜓(0+)] .

 

On simplification, we arrive at (29).  

Theorem 2.4 The Sawi transform of regularized Hilfer-Prabhakar fractional derivative is 
defined by  

 𝑆𝑎[𝐶𝒟
𝛼,𝜔,0+
𝛾,𝛽,𝜈

𝜓(𝑡), 𝑠] = 𝑠−𝛽(1 − 𝜔𝑠𝛼)𝛾𝒯(𝑠) − 𝑠−𝛽−1(1 − 𝜔𝑠𝛼)𝛾𝑓(0+)  (32) 

Proof. Applying Sawi transform (13) on definition (11), we have  

 𝑆𝑎[𝐶𝒟
𝛼,𝜔,0+
𝛾,𝛽,𝜈

𝜓(𝑡), 𝑠] = 𝑆𝑎 [ℐ
𝛼,1−𝛽,𝜔,0+
−𝛾

𝑧(𝑡), 𝑠] , 𝑤ℎ𝑒𝑟𝑒  𝑧(𝑡) =
𝑑

𝑑𝑡
𝜓(𝑡),  (33) 

 in view of (20), we get  

 𝑆𝑎[𝐶𝒟
𝛼,𝜔,0+
𝛾,𝛽,𝜈

𝜓(𝑡), 𝑠] = 𝑠1−𝛽(1 − 𝜔𝑠𝛼)𝛾𝑆𝑎[𝑧(𝑡), 𝑠],    (34) 

 using result (17) in (33), we get  

 𝑆𝑎[𝐶𝒟
𝛼,𝜔,0+
𝛾,𝛽,𝜈

𝜓(𝑡), 𝑠] = 𝑠1−𝛽(1 − 𝜔𝑠𝛼)𝛾[𝑠−1𝑆𝑎[𝜓(𝑡), 𝑠] − 𝑠−2𝑓(0+)]. 

On simplification, we arrive at (32).  
 
3.  APPLICATIONS 

This section provides the applications of the Sawi transform on Hilfer-Prabhakar fractional 
derivatives to the solution of some Cauchy-type fractional differential equations  

Theorem 3.1 If the average fluid velocity 𝑝 and the dispersion coefficient 𝜌 are constants. 
The solution of the generalized Cauchy-type problem for the fractional advection-
dispersion equation  

 𝒟
𝛼,𝜔,0+
𝛾,𝛽,𝜈

𝜓(𝑥, 𝑡) = −𝑝𝒟𝑥𝜓(𝑥, 𝑡) + 𝜌Δ
𝜆

2𝜓(𝑥, 𝑡),     (35) 
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subjected to  

 ℐ
𝛼,(1−𝜈)(1−𝛽),𝜔,0+
−𝛾(1−𝜈)

𝜓(𝑥, 0+) = 𝑔(𝑥), 𝛼 > 0      (36) 

  lim
𝑥→∞

𝜓(𝑥, 𝑡) = 0, 𝑡 ≥ 0, 

is given by  

𝜓(𝑥, 𝑡) =
1

2𝜋
∫

∞

−∞
∑∞

𝑛=0 𝑡𝜈(1−𝛽)+𝑛𝛽−1𝑒(−𝑖𝑘𝑥)𝑔(𝑘)(𝑖𝑝𝑘 −  𝜌|𝑘|𝜆)𝑛𝐸𝛼,𝜈(1−𝛽)+𝛽(𝑛+1)
𝛾(1+𝑛)−𝛾𝜈

(𝜔𝑡𝛼)𝑑𝑘,   

            (37)                 

where 0 < 𝛽 < 1,0 ≤ 𝜈 ≤ 1; 𝛾, 𝜔, 𝑥 ∈ ℝ, 𝑡 ∈ ℝ+ and Δ
𝜆

2 is discussed in [1].  

 Proof. For 𝜓(𝑥, 𝑡), let 𝜓(𝑥, 𝑠) be the Sawi transform w.r.t 𝑡 and 𝜓∗(𝑘, 𝑡) be the Fourier 

transform w.r.t 𝑥. On applying the Fourier and Sawi transforms to (35) and then using (29) 
and (36), we have  

𝑠−𝛽(1 − 𝜔𝑠𝛼)𝛾𝜓
∗
(𝑘, 𝑠) − 𝑠𝜈(1−𝛽)−2(1 − 𝜔𝑠𝛼)𝛾𝜈ℐ

𝛼,(1−𝜈)(1−𝛽),𝜔,0+
−𝛾(1−𝜈)

𝜓∗(𝑘, 0) = 𝑖𝑝𝑘𝜓
∗
(𝑘, 𝑠) − 𝜌|𝑘|𝜆𝜓

∗
(𝑘, 𝑠)

𝑠−𝛽(1 − 𝜔𝑠𝛼)𝛾𝜓
∗
(𝑘, 𝑠) − 𝑠𝜈(1−𝛽)−2(1 − 𝜔𝑠𝛼)𝛾𝜈𝑔∗(𝑘) = 𝑖𝑝𝑘𝜓

∗
(𝑘, 𝑠) − 𝜌|𝑘|𝜆𝜓

∗
(𝑘, 𝑠)

𝜓
∗
(𝑘, 𝑠)[𝑠−𝛽(1 − 𝜔𝑠𝛼)𝛾 + 𝜌|𝑘|𝜆 − 𝑖𝑝𝑘] = 𝑠𝜈(1−𝛽)−2(1 − 𝜔𝑠𝛼)𝛾𝜈𝑔∗(𝑘).

 

On simplification,  

 

𝜓
∗
(𝑘, 𝑠) =

𝑠𝜈(1−𝛽)−2(1−𝜔𝑠𝛼)𝛾𝜈𝑔∗(𝑘)

𝑠−𝛽(1−𝜔𝑠𝛼)𝛾[1+
𝜌|𝑘|𝜆−𝑖𝑝𝑘

𝑠−𝛽(1−𝜔𝑠𝛼)𝛾
]

𝜓
∗
(𝑘, 𝑠) = 𝑠𝜈(1−𝛽)+𝛽−2(1 − 𝜔𝑠𝛼)𝛾𝜈−𝛾𝑔∗(𝑘) ∑∞

𝑛=0 [
−𝜌|𝑘|𝜆+𝑖𝑝𝑘

𝑠−𝛽(1−𝜔𝑠𝛼)𝛾]
𝑛

𝜓
∗
(𝑘, 𝑠) = ∑∞

𝑛=0 (𝑖𝑝𝑘 − 𝜌|𝑘|𝜆)𝑛𝑠𝜈(1−𝛽)+𝛽+𝛽𝑛−2(1 − 𝜔𝑠𝛼)𝛾𝜈−𝛾𝑛−𝛾𝑔∗(𝑘).

 

For  
𝜌|𝑘|𝜆−𝑖𝑝𝑘

𝑠−𝛽(1−𝜔𝑠𝛼)𝛾 < 1, we can arrive at (37) by using the inverse form of integral transforms 

(18) and (12).  

Theorem 3.2 If the average fluid velocity 𝑝 and the dispersion coefficient 𝜌 are constants. 
The solution of the generalized Cauchy-type problem for the fractional advection-
dispersion equation  

  𝐶𝒟
𝛼,𝜔,0+
𝛾,𝛽,𝜈

𝜓(𝑥, 𝑡) = −𝑝𝒟𝑥𝜓(𝑥, 𝑡) + 𝜌Δ
𝜆

2𝜓(𝑥, 𝑡),     (38) 

 subjected to  

 𝜓(𝑥, 0+) = 𝑔(𝑥), 𝑥 ∈ ℝ        (39) 

  lim
|𝑥|→∞

𝜓(𝑥, 𝑡) = 0, 𝑡 ≥ 0, 

 is given by  

 𝜓(𝑥, 𝑡) =
1

2𝜋
∫

∞

−∞
∑∞

𝑛=0 𝑡𝛽𝑛𝑒(−𝑖𝑘𝑥)𝑔(𝑘)(𝑖𝑝𝑘 − 𝜌|𝑘|𝜆)𝐸𝛼,𝛽(𝑛+1)
𝛾𝑛

(𝜔𝑡𝛼)𝑑𝑘,  (40) 
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where 0 < 𝛽 < 1,0 ≤ 𝜈 ≤ 1; 𝛾, 𝜔, 𝑥 ∈ ℝ, 𝑡 ∈ ℝ+ and Δ
𝜆

2 is discussed in [1].  

Proof. For 𝜓(𝑥, 𝑡), let 𝜓(𝑥, 𝑠) be the Sawi transform w.r.t 𝑡 and 𝜓∗(𝑘, 𝑡) be the Fourier 

transform w.r.t 𝑥. On applying the Fourier and Sawi transforms to (38) and then using (32) 
and (39), we have  

 

𝑠−𝛽(1 − 𝜔𝑠𝛼)𝛾𝜓
∗
(𝑘, 𝑠) − 𝑠−𝛽−1(1 − 𝜔𝑠𝛼)𝛾𝜓∗(𝑘, 0) = 𝑖𝑝𝑘𝜓

∗
(𝑘, 𝑠) − 𝜌|𝑘|𝜆𝜓

∗
(𝑘, 𝑠)

𝜓
∗
(𝑘, 𝑠)[𝑠−𝛽(1 − 𝜔𝑠𝛼)𝛾 + 𝜌|𝑘|𝜆 − 𝑖𝑝𝑘] = 𝑠−𝛽−1(1 − 𝜔𝑠𝛼)𝛾𝑔∗(𝑘).

 

On simplification,  

 

𝜓
∗
(𝑘, 𝑠) =

𝑠−𝛽−1(1−𝜔𝑠𝛼)𝛾𝑔∗(𝑘)

𝑠−𝛽(1−𝜔𝑠𝛼)𝛾[1+
𝜌|𝑘|𝜆−𝑖𝑝𝑘

𝑠−𝛽(1−𝜔𝑠𝛼)𝛾
]

𝜓
∗
(𝑘, 𝑠) = 𝑠−1𝑔∗(𝑘) ∑∞

𝑛=0 [
𝑖𝑝𝑘−𝜌|𝑘|𝜆

𝑠−𝛽(1−𝜔𝑠𝛼)𝛾]
𝑛

𝜓
∗
(𝑘, 𝑠) = 𝑔∗(𝑘) ∑∞

𝑛=0 (𝑖𝑝𝑘 − 𝜌|𝑘|𝜆)𝑛𝑠𝛽𝑛−1(1 − 𝜔𝑠𝛼)−𝛾𝑛.

 

For  [
𝜌|𝑘|𝜆−𝑖𝑝𝑘

𝑠−𝛽(1−𝜔𝑠𝛼)𝛾] < 1, we can arrive at (40) by using the inverse form of integral transforms 

(18) and (12).  

Theorem 3.3 Let 0 < 𝛽 < 1,0 ≤ 𝜈 ≤ 1 and 𝛾 ≥ 0. The solution of Cauchy type fractional 
differential equation  

  𝐶𝒟
𝛼,−𝜔,0+
𝛾,𝛽,𝜈

𝜓(𝑥, 𝑡) = −𝜆(1 − 𝑥)𝜓(𝑥, 𝑡), |𝑥| ≤ 1,     (41) 

  𝑓(𝑥, 0) = 1,          (42) 

is given by  

 𝜓(𝑥, 𝑡) = ∑∞
𝑛=0 (−𝜆)𝑛(1 − 𝑥)𝑛𝑡𝛽𝑛𝐸𝛼,𝛽𝑛+1

𝛾𝑛
(−𝜔𝑡𝛼), (43) 

where 𝜔, 𝛾, 𝑥 ∈ ℝ; 𝛼, 𝑡, 𝜆 > 0.  

 Proof. Let 𝜓(𝑥, 𝑠) be the Sawi transform of 𝜓(𝑥, 𝑡) w.r.t 𝑡. On applying the Sawi transform 
to (41) and then using (32) and (42), we have  

 
𝑠−𝛽(1 + 𝜔𝑠𝛼)𝛾𝜓(𝑘, 𝑠) − 𝑠2−𝛽(1 + 𝜔𝑠𝛼)𝛾𝜓(𝑥, 0) = 𝜆(1 − 𝑥)𝜓(𝑥, 𝑠)

𝜓(𝑘, 𝑠)[𝑠−𝛽(1 + 𝜔𝑠𝛼)𝛾 + 𝜆(1 − 𝑥)] = 𝑠−𝛽−1(1 + 𝜔𝑠𝛼)𝛾.
 

On simplification,  

 

𝜓(𝑘, 𝑠) =
𝑠−𝛽−1(1+𝜔𝑠𝛼)𝛾

𝑠−𝛽(1+𝜔𝑠𝛼)𝛾[1+
𝜆(1−𝑥)

𝑠−𝛽(1+𝜔𝑠𝛼)𝛾
]

𝜓(𝑘, 𝑠) = 𝑠−1 ∑∞
𝑛=0 [

−𝜆(1−𝑥)

𝑠−𝛽(1+𝜔𝑠𝛼)𝛾
]

𝑛

𝜓(𝑘, 𝑠) = ∑∞
𝑛=0 (−𝜆)𝑛(1 − 𝑥)𝑛𝑠𝛽𝑛−1(1 + 𝜔𝑠𝛼)−𝛾𝑛.
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For 
𝜆(1−𝑥)

𝑠−𝛽(1+𝜔𝑠𝛼)𝛾 < 1, we can arrive at (43) by using the inverse form of transform (18).  

Theorem 3.4 Let 𝑦(𝑡) ∈ 𝐿1[0, ∞); 0 < 𝛽 < 1,0 ≤ 𝜈 ≤ 1; 𝛾, 𝛿 ≥ 0. The solution of Cauchy 
type fractional differential equation  

 𝒟
𝛼,𝜔,0+
𝛾,𝛽,𝜈

𝜓(𝑡) = 𝜆ℐ𝛼,𝛽,𝜔,0+
𝛿 𝜓(𝑡) + 𝑦(𝑡),      (44) 

 subjected to  

 (ℐ
𝛼,(1−𝜈)(1−𝛽),𝜔,0+
−𝛾(1−𝜈)

𝜓(𝑡)) |𝑡=0 = 𝑀,       (45) 

 is given by  

 
𝜓(𝑡) = ∑∞

𝑛=0 𝜆𝑛ℐ
𝛼,𝛽(2𝑛+1),𝜔,0+
𝛾+𝑛(𝛿+𝛾)

𝑦(𝑡) + 𝑀 ∑∞
𝑛=0 𝜆𝑛 𝑡𝛽(2𝑛+1)+𝜈(1−𝛽)−1

× 𝐸𝛼,𝜈(1−𝛽)+𝛽(2𝑛+1)
𝛿𝑛+𝛾𝑛+𝛾−𝛾𝜈

(𝜔𝑡𝛼),
 (46) 

where 𝜔, 𝛾, 𝜆 ∈ ℝ; 𝑀, 𝑡, 𝛼 > 0.  

Proof. Let 𝒯(𝑠) be the Sawi transform of 𝜓(𝑡), applying the Sawi transform on (44) and 
then using (29), (45) and (20), we have 

 𝑆𝑎 [𝒟
𝛼,𝜔,0+
𝛾,𝛽,𝜈

𝑦(𝑡), 𝑠] = 𝑆𝑎[𝜆ℐ𝛼,𝛽,𝜔,0+
𝛿 𝜓(𝑡) + 𝑦(𝑡)] 

 
𝑠−𝛽(1 − 𝜔𝑠𝛼)𝛾𝒯(𝑠) − 𝑠𝜈(1−𝛽)−2(1 − 𝜔𝑠𝛼)𝛾𝜈 ℐ

𝛼,(1−𝜈)(1−𝛽),𝜔,0+
−𝛾(1−𝜈)

𝜓(𝑡)|𝑡=0

= 𝜆𝑆𝑎[(𝜓 ∗ 𝑒𝛼,𝛽,𝜔
𝛿 )(𝑡), 𝑠] + 𝑆𝑎[𝑦(𝑡), 𝑠]

 

  𝑠−𝛽(1 − 𝜔𝑠𝛼)𝛾𝒯(𝑠) − 𝑠𝜈(1−𝛽)−2(1 − 𝜔𝑠𝛼)𝛾𝜈𝑀 = 𝜆𝑠𝛽(1 − 𝜔𝑠𝛼)−𝛿𝒯(𝑠) + 𝑆𝑎[𝑦(𝑡), 𝑠]. 

 On simplification,  

 

𝒯(𝑠) =
𝑆𝑎[𝑦(𝑡),𝑠]+𝑠𝜈(1−𝛽)−2(1−𝜔𝑠𝛼)𝛾𝜈𝑀

𝑠−𝛽(1−𝜔𝑠𝛼)𝛾[1−
𝜆𝑠𝛽(1−𝜔𝑠𝛼)−𝛿

𝑠−𝛽(1−𝜔𝑠𝛼)𝛾
]

=
𝑆𝑎[𝑦(𝑡),𝑠]+𝑠𝜈(1−𝛽)−2(1−𝜔𝑠𝛼)𝛾𝜈𝑀

𝑠−𝛽(1−𝜔𝑠𝛼)𝛾
∑∞

𝑛=0 [
𝜆𝑠𝛽(1−𝜔𝑠𝛼)−𝛿

𝑠−𝛽(1−𝜔𝑠𝛼)𝛾 ]
𝑛

=
𝑆𝑎[𝑦(𝑡),𝑠]+𝑠𝜈(1−𝛽)−2(1−𝜔𝑠𝛼)𝛾𝜈𝑀

𝑠−𝛽(1−𝜔𝑠𝛼)𝛾
∑∞

𝑛=0 𝜆𝑛𝑠2𝛽𝑛(1 − 𝜔𝑠𝛼)−𝛿𝑛−𝛾𝑛

= (𝑆𝑎[𝑦(𝑡), 𝑠] + 𝑠𝜈(1−𝛽)−2(1 − 𝜔𝑠𝛼)𝛾𝜈𝑀) ∑∞
𝑛=0 𝜆𝑛𝑠2𝛽𝑛+𝛽(1 − 𝜔𝑠𝛼)−𝛿𝑛−𝛾𝑛−𝛾

= 𝑆𝑎[𝑦(𝑡), 𝑠] ∑∞
𝑛=0 𝜆𝑛𝑠2𝛽𝑛+𝛽(1 − 𝜔𝑠𝛼)−𝛿𝑛−𝛾𝑛−𝛾

+𝑀 ∑∞
𝑛=0 𝜆𝑛𝑠2𝛽𝑛+𝛽+𝜈(1−𝛽)−2(1 − 𝜔𝑠𝛼)−𝛿𝑛−𝛾𝑛−𝛾+𝛾𝜈 .

 

For [
𝜆𝑠𝛽(1−𝜔𝑠𝛼)−𝛿

𝑠−𝛽(1−𝜔𝑠𝛼)𝛾
] < 1, we can arrive at (46) by using the inverse form of transform (18).  
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Theorem 3.5 Let 0 < 𝛽 < 1,0 ≤ 𝜈 ≤ 1 and 𝛾 ≥ 0. The solution of the generalized Cauchy-
type problem for the fractional heat equation  

 𝒟
𝛼,𝜔,0+
𝛾,𝛽,𝜈

𝜓(𝑥, 𝑡) = 𝑀
𝜕2

𝜕𝑥2 𝜓(𝑥, 𝑡),       (47) 

 subjected to  

 ℐ
𝛼,(1−𝜈)(1−𝛽),𝜔,0+
−𝛾(1−𝜈)

𝜓(𝑥, 𝑡)|𝑡=0 = 𝑔(𝑥)       (48) 

  lim
𝑥→∞

𝜓(𝑥, 𝑡) = 0, 

is given by  

 𝜓(𝑥, 𝑡) =
1

2𝜋
∫

∞

−∞
∑∞

𝑛=0 𝑒−𝑖𝑘𝑥𝑔(𝑘)(−𝑀𝑘2)𝑛𝑡𝛽(𝑛+1)−𝜈(𝛽−1)−1𝐸𝛼,𝛽(𝑛+1)+𝜈(1−𝛽)
𝛾(𝑛+1−𝜈)

𝑑𝑘, (49) 

where 𝜔, 𝛾, 𝑥 ∈ ℝ; 𝑀, 𝑡, 𝛼 > 0.  

Proof. For 𝜓(𝑥, 𝑡), let 𝜓(𝑥, 𝑠) be the Sawi transform w.r.t 𝑡 and 𝜓∗(𝑘, 𝑡) be the Fourier 

transform w.r.t 𝑥. On applying the Fourier and Sawi transforms to (47) and then using (29) 
and (48), we have  

 

𝑠−𝛽(1 −𝜔𝑠𝛼)𝛾𝜓
∗
(𝑘, 𝑠) − 𝑠𝜈(1−𝛽)−2(1 − 𝜔𝑠𝛼)𝛾𝜈ℐ

𝛼,(1−𝜈)(1−𝛽),𝜔,0+
−𝛾(1−𝜈)

𝑓(𝑥, 0) = −𝑀𝑘2𝜓
∗
(𝑘, 𝑠)

𝑠−𝛽(1 − 𝜔𝑠𝛼)𝛾𝜓
∗
(𝑘, 𝑠) − 𝑠𝜈(1−𝛽)−2(1 − 𝜔𝑠𝛼)𝛾𝜈𝑔∗(𝑘) = −𝑀𝑘2𝜓

∗
(𝑘, 𝑠)

𝜓
∗
(𝑘, 𝑠)[𝑠−𝛽(1 − 𝜔𝑠𝛼)𝛾 + 𝑀𝑘2] = 𝑠𝜈(1−𝛽)−2(1 − 𝜔𝑠𝛼)𝛾𝜈𝑔∗(𝑘).

 

On simplification,  

 

𝜓
∗
(𝑘, 𝑠) =

𝑠𝜈(1−𝛽)−2(1−𝜔𝑠𝛼)𝛾𝜈𝑔∗(𝑘)

𝑠−𝛽(1−𝜔𝑠𝛼)𝛾+𝑀𝑘2

𝜓
∗
(𝑘, 𝑠) =

𝑠𝜈(1−𝛽)−2(1−𝜔𝑠𝛼)𝛾𝜈𝑔∗(𝑘)

𝑠−𝛽(1−𝜔𝑠𝛼)𝛾[1+
𝑀𝑘2

𝑠−𝛽(1−𝜔𝑠𝛼)𝛾
]

𝜓
∗
(𝑘, 𝑠) = 𝑠𝜈(1−𝛽)−2(1 − 𝜔𝑠𝛼)𝛾𝜈−𝛾𝑔∗(𝑘) ∑∞

𝑛=0 [
−𝑀𝑘2

𝑠−𝛽(1−𝜔𝑠𝛼)𝛾
]

𝑛

𝜓
∗
(𝑘, 𝑠) = 𝑠𝜈(1−𝛽)−2(1 − 𝜔𝑠𝛼)𝛾𝜈−𝛾𝑔∗(𝑘) ∑∞

𝑛=0 (−𝑀𝑘2)𝑛𝑠𝛽𝑛(1 − 𝜔𝑠𝛼)−𝛾𝑛

𝜓
∗
(𝑘, 𝑠) = 𝑔∗(𝑘) ∑∞

𝑛=0 (−𝑀𝑘2)𝑛𝑠𝛽𝑛+𝜈(1−𝛽)+𝛽−2(1 − 𝜔𝑠𝛼)𝛾𝜈−𝛾𝑛−𝛾.

 

For (
𝑀𝑘2

𝑠−𝛽(1−𝜔𝑠𝛼)𝛾
) < 1, we can arrive at (49) by using the inverse form of integral 

transforms (18) and (12).  

Theorem 3.6 Let 0 < 𝛽 < 1,0 ≤ 𝜈 ≤ 1 and 𝛾 ≥ 0. The solution of the generalized Cauchy-
type problem for the fractional heat equation  

  𝐶𝒟
𝛼,𝜔,0+
𝛾,𝛽,𝜈

𝜓(𝑥, 𝑡) = 𝑁
𝜕2

𝜕𝑥2
𝜓(𝑥, 𝑡),       (50) 

 



Tianjin Daxue Xuebao (Ziran Kexue yu Gongcheng Jishu Ban)/ 
Journal of Tianjin University Science and Technology 
ISSN (Online):0493-2137 
E-Publication: Online Open Access 
Vol: 57 Issue: 02:2024 
DOI: 10.5281/zenodo.10634338 

 

Feb 2024 | 240 

subjected to  

 𝜓(𝑥, 0) = 𝑔(𝑥)         (51) 

  lim
𝑥→∞

𝜓(𝑥, 𝑡) = 0, 

is given by  

 𝜓(𝑥, 𝑡) =
1

2𝜋
∫

∞

−∞
∑∞

𝑛=0 𝑒−𝑖𝑘𝑥𝐸𝛼,𝛽𝑛+1
𝛾𝑛

(𝜔𝑡𝛼)(−𝑁𝑘2)𝑛𝑡𝛽𝑛𝑔(𝑘)𝑑𝑘,   (52) 

where 𝜔, 𝛾, 𝑥 ∈ ℝ; 𝑁, 𝑡, 𝛼 > 0.  

Proof. For 𝜓(𝑥, 𝑡), let 𝜓(𝑥, 𝑠) be the Sawi transform w.r.t 𝑡 and 𝜓∗(𝑘, 𝑡) be the Fourier 

transform w.r.t 𝑥. On applying the Fourier and Sawi transforms to (50) and then using (32) 
and (51), we have  

 
𝑠−𝛽(1 − 𝜔𝑠𝛼)𝛾𝜓

∗
(𝑘, 𝑠) − 𝑠−𝛽−1(1 − 𝜔𝑠𝛼)𝛾𝜓∗(𝑘, 0) = −𝑁𝑘2𝜓

∗
(𝑘, 𝑠)

𝜓
∗
(𝑘, 𝑠)[𝑠−𝛽(1 − 𝜔𝑠𝛼)𝛾 + 𝑁𝑘2] = 𝑠−𝛽−1(1 − 𝜔𝑠𝛼)𝛾𝑔∗(𝑘).

 

On simplification,  

 

𝜓
∗
(𝑘, 𝑠) =

𝑠−𝛽−1(1−𝜔𝑠𝛼)𝛾𝑔∗(𝑘)

𝑠−𝛽(1−𝜔𝑠𝛼)𝛾[1+
𝑁𝑘2

𝑠−𝛽(1−𝜔𝑠𝛼)𝛾
]

𝜓
∗
(𝑘, 𝑠) = 𝑠−1𝑔∗(𝑘) ∑∞

𝑛=0 [
−𝑁𝑘2

𝑠−𝛽(1−𝜔𝑠𝛼)𝛾]
𝑛

𝜓
∗
(𝑘, 𝑠) = 𝑠−1𝑔∗(𝑘) ∑∞

𝑛=0 (−𝑁𝑘2)𝑛𝑠𝛽𝑛(1 − 𝜔𝑠𝛼)−𝛾𝑛𝑔∗(𝑘)

𝜓
∗
(𝑘, 𝑠) = ∑∞

𝑛=0 (−𝑁𝑘2)𝑛𝑠𝛽𝑛−1(1 − 𝜔𝑠𝛼)−𝛾𝑛𝑔∗(𝑘).

 

For  
𝑁𝑘2

𝑠−𝛽(1−𝜔𝑠𝛼)𝛾 < 1, we can arrive at (52) by using the inverse form of integral transforms 

(18) and (12).  
 
4.  CONCLUSION 

This article begins with the Sawi transform on Hilfer-Prabhakar and regularizations of 
Hilfer-Prabhakar fractional derivatives. We then demonstrate how the three parameters 
of the Mittag-Leffler function can be utilized in Sawi and Fourier transformations to solve 
a set of Cauchy-type fractional differential equations with Hilfer-Prabhakar fractional 
derivatives. This result demonstrates the effectiveness of this method for solving 
fractional differential equations. 
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