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Abstract

In this study, a queuing framework has been formulated to examine key performance characteristics of a
multi-server system. The proposed model features two service facility servers, each comprising three
individual servers, which are subsequently allied to a mutual exit server in a succession configuration. The
first service facility incorporates a tri-cum biserial arrangement of its three servers, while the second facility
has its three servers configured in parallel. Both the arrival and service processes are modeled as Poisson
distributions. Performance metrics such as queue lengths, variances, waiting times, & system possibilities
have been derived by means of a combination of statistical methods, generating function techniques, and
fundamental calculus principles. A detailed parametric analysis is also led to validate the usefulness and
robustness of the proposed modeling tactic.
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1. INTRODUCTION

Queuing theory consists of a variety of mathematical models designed to represent
different types of queue systems. The occurrence of queues is a common and natural
part of everyday life. Numerous models have been developed to help individuals make
informed decisions in real-time scenarios.

These models are particularly useful in addressing operational challenges in sectors such
as business, banking, and retail centers. Over the ages, widespread research has been
showed to explore the properties and behavior of various queuing models.

Queuing theory is applicable to a wide range of operational scenarios where the exact
arrival times of customers and the service durations at various facilities cannot be
determined in advance. Such complex customer behavior and service dynamics can be
effectively analyzed using queuing models.
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2. BACKGROUND STUDY

The origins of waiting in queue concept can be traced back to 1909, when it was applied
to examine how variations in service demand affected telephone usage during
conversations (Erlang, 1909). A study analysed a system with two sequential queues,
utilizing statistically independent random variables with specific distribution functions to
represent service times at various counters (Suzuki, 1963). Research from 1972 explored
parameters of queuing models characterized by phase-type service processes (Maggu,
1972). Little’s formula was applied to derive several characteristics of a Markovian
gueuing system through the formation of governing equations (Krishnamoorthy &
Ushakumari, 2000). The transient dynamics of a model featuring parallel facilitators
arranged in a bi-series configuration was investigated (Singh et al., 2005). This work was
extended to examine a complex queuing network consisting of two subsystems
connected in a bi-series manner and linked to a shared server (Kumar et al., 2006). A
detailed investigation of a multi-server queuing system configured in a bi-series layout
was presented (Gupta et al., 2007). Queue model introduced a dual-terminal coupled
system to analyze queuing parameters (Suhasini et al., 2012). A series of studies from
the same year evaluated performance measures for newly introduced tri-cum bi-series
gueuing models, offering extensive insights into their structural behavior (Agrawal &
Singh, 2018a, 2018b, 2018c, 2018d). A tri-cum biserial bulk queuing concept with a
constant lot group has been analyzed, where the system is integrated with a common
service mechanism. The model was developed under steady-state assumptions to
facilitate the examination of long-run system behavior (Agrawal et al., 2020). A queuing
model was developed to represent the service dynamics in an eye hospital operating
under stochastic conditions. The model aims to capture the typical flow of patients who
visit the hospital for eye examinations, where individuals must proceed through a
sequence of service stages to receive complete care. This framework reflects real-world
service patterns commonly observed in healthcare facilities, particularly in specialized
medical centers such as eye hospitals (Saini et al., 2022). Model incorporates a ranking-
based approach that effectively transforms arrival and service rate information into
precise quantitative outputs. The effectiveness and practical applicability of the model are
demonstrated through numerical illustrations, validating its theoretical foundation and
operational relevance (Yasodai and Ritha, 2023). A queuing model structure offers a
straightforward and intuitive design, making it accessible for practical application. It
serves as an effective decision-support tool for managing multitasking operations in
service-oriented systems (Gupta et al., 2025).

3. MATHEMATICAL MODELING FRAMEWORK

In this model, two service facility servers, FSr1 and FSr2 are arranged in parallel and are
both connected to a shared server, Srq. Each of the service facility servers contains three
individual servers. FSri is composed of three servers Sr,, Sr,, Sr. configured in a tri-cum-

biserial manner, whereas FSr2 also includes three servers Sr,, Sr,, Sr, but with a parallel
configuration, as illustrated in Figure 1.
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From the diagram, it can be observed that a customer entering either of the service facility
servers can access the services provided by each individual server. For instance, if a
customer enters FSri, they can use any of the servers there either one at a time or
sequentially before leaving FSr1 and moving on to Sra with the probabilities p,,, p.., P.q»

pba’ pbc ' pbd ! and pca’ pcb ' pcd SUCh that pab + pac + pad = 1’ pba + pbc + pbd :1’ and
pca + pcb + pcd :1'

Poy Do+ Doy —1

A
ﬂn" Py & Py +pjd=1
’ Pog+ Doy + Pog =1
o,
4 2008
1, AN
,__\7
7 S aQ,
A

Figure 1: Pictorial representation of the queue model

The possible routes a customer may follow through the facility servers, FSr1 and FSrz,
are outlined below

Sr, —» sr,, Sr, » Sr, , Sr, — Sr,, Sr, — Sr,, Sr. — Sr,, Sr, — Sr,
Sr, - Sr, - Sr,, Sr, - Sr, > Sr,, Sr, - Sr, — Sr,
Sr, » Sr, » Sr,,  Sr, > Sr, »> Sr,,  Sr. — Sr, — Sr,
Sr, -» Sr, » Sr, —» Sr,,  Sr, » Sr. —» Sr, = Sr,;,  Sr, = Sr, = Sr. — Sr,
S, » Sr, —» Sr, - Sr,,  Sr. —» Sr, —» Sr, = Sry,  Sr. — Sr, — Sr, — Sr,

The terminology outlined below is employed in the development and analysis of the
model.

Joint Probability:

Ny Ny, Ne,Ny Ny, Ny, Ny
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Expected probabilities:
pab’ pac’ pad’ pba’ pbc’ pbd’ pca’ pcb’ pcd

Mean arrival rate:

Mean Servicing rates:
Ma’ ub’l”l(:’“‘u’ “’v’l"lw’“‘d
Number of Customers:

n,n,n,n.,n

b "¢c? "u? "v?

n n

a’ w? d

Traffic intensities of various server:

pa1pb’pc’pu1pv1pw’ pd

Mean Queue length:

Lq
Variance:

Var
Average waiting time:

Ewl

4. SOLUTION METHODOLOGY
The differential-difference equation characterizing the model in steady state is given by
[(7\'3 + ua) + (}\‘b + l’lb) + (}\‘c + l”tc) + ()\’u + l”tu) + (}\‘v + l”Lv) + (7\‘w + l”Lw) + l’ld]|:)na,nl’,nC,nLl,n‘/,nW,nd
=A,P +A P +A P +A,P

a’ n,=1,n,,nc,n,,n, Ny, Ny b n,,ny=1,n.,n,,n,,n, Ny € Ny\My,ng=1,ny,n, 0y Ny u’ng,ny,ng,n,=1,n,,n,,ng
+ XvPna,nb,nc,nu,nv—l,nw,nd + kwpna,nb,nc,nu,nv,nw—l,nd + ua(na +l) pab IDna+1,nb—l,nc,nu,nv,nw,nd

(N, + )PP i v, THa (M D PPt s TR (Mg D PP o0 oo,
1y (M + D) PP i T He (M T PP vtn s RN+ PGPy i oo nn g
(N + )PPy o s, TR (M T PPy o nin 1 TR FDP o
(DR e RN DR e TR H DR

On solving the governing equation with the help of the P.G.F. (probability generating
function) technique, we can find the value of probability distribution function in a steady
state.
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F(xl,xz,x3,x4,x5,x6,xg:% 1)
were
I pab pad pac X7 ]
1-—x, —ad ) Ty LE 4 -1lF
“’a{ Xl 2 Xl 7 Xl 3} a “u{ XA} u
X
E= +Hb{1_ﬁxl_hx7_hx3}Fb+Hv{1__7}Fv
XZ 2 2 XS
pca pcd pcb X7 1
TH, l__Xl__X7__Xz}Fc"'Hw{l__}Fw"'ud{1__ Fy
L { X3 X3 X3 Xe X7 i
[ (1= X))+, (1= X, )+ 2, (1= X, )+ 4, (1= X )+ 4, (1= X,) |
X
oy (1= X, )y, 11— 2o x paﬂ X, p“ X+ 22
X, X,
6= X 1
+H, 1_kxl_ﬂx7 Phe x 7 —
X, X, X, X, X,
pca pcd pcb X7
+u, 11— X, - X, - X, v+ —
Hc{ X3 ' X3 ! X3 2} e { XG}
Assuming

Fy (X, X0 X0 Xoo X Xo) = By By (X Xy X0 Xy X X)) = By ) By (X0 X0 X, X, X

a!

X,)=F

Fo (X1, X, X5, X, X, X5) =F,, Fo(X, X, X5, X, X, X)) =F, , By (X, X,, X5, X,, X5, X;)=F

Fo (X, X,, X5, X, Xg, Xg) = Fy

As F() = 1, the complete probability. Differentiating equation (1) with respect to all the

variables one by one by using L'Hospital rule as all variables X, to X, > 1, is
form, which is indeterminate and after that on solving these equations, we get
I_ﬂ“a (_ Poc Pep +1) + { Poc ( Ppa Pes + pca)+ Poa (_ Poc Pep +1)} ﬂ’b + ﬂ“c ( Ppa Pep + pca)
|_ lua {(_ pba pab +1)(_ pbc pcb +1) _( pbc pab + pac )( pba pcb + pca )}

ﬂ“a ( Pep Pac + pab)+ ﬂ“b (_ Pac Pea +1)+ {( Pac Pep + pab) Pea T (_ Pac Pea +1) Peo } ﬂ’c

of (0/0)

1|
J

/ub {(_ pbc pcb +1)(_ pac pca +1) _( pbc pca + pba)( pac pcb + pab )}

+ﬂ”b pbapac+pbc)+ﬂ’( pabpba+1)_

{( pba pac + phc) pab ( pab pba +1 pac}
)=

/uc {(_ pac pca +1)( pab pba +1 ( pab pca + pcb )( pba pac + pbc )}

) [ 4, |

(4]
o] L]

(2]

Skl
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1
pd :lu_[lua padpa +/uupu +/ub pbdpb +Iuvpv +luc pcdpc +luwpw]
d

The model's solution (joint probability) is expressed as
Pttt = Pa Py Py PP P P (1P, ) (1P, ) (1-p, ) (1=, ) (1-p. ) (1-pu ) (1-Py)
where
p,=1-F, p,=1-FK, p.=1-F,p,=1-F,, p,=1-F, p,=1-F,, p,=1-F,
The solution of this model exists if

Par Por Per Pus Pyr Pyr Pgr<1

5. KEY ASSESSMENT INDICATORS
5.1 Queue Length

5.2 Variance in Queue Length

_ pa + pu pb + pv + pc + pw + pd

(L-p)" (1=p) (1=p)" (1=p)" (1=p)" (L=p)" (L-py)’
5.3 Average Waiting Time
Ex=Lo /A, where A=X_ +A, +A +A, +A +2,

ar

6. RESULTS AND DISCUSSION

A comprehensive description of this model, including a detailed schematic representation,
is provided in Section 3. Furthermore, Section 4 presents the development of
mathematical expressions used to calculate key performance metrics for instance waiting
spans, variances, server consumption rates, and mean customer waiting times.The
several input parameters, such as p_,, Po.s Peas Pacs Pocs Peys Pags Poa s Peg » Mas Ny Nyu Ny, NG, N, Ny Nay N,

Nc, Nu, Ny, Nw, N, , that have been utilized in the computation of different queuing characteristics
are displayed in Table 1.

Table 1: Input parameters considered

Pab Pya Pca Pac Ppc Py Pag Ppg Peg Na Ny Np Ny Ne Nw Nd
03|/03|/0403|05|/03|04|02|03| 4 6 6 517 7 35

In Table 2-6, Mean Queue lengths, Variances, Average waiting time and Joint
Probabilities corresponding to different mean arrival rates (i, ,Ap,%c Ay 4y @Nd ay)

have been provided.
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The results clearly indicate that an increase in the customer arrival rate leads to a
deterioration in system performance. This degradation is reflected in the corresponding
increases in mean queue length, variance, & customer wait delay time in queue.
Moreover, the likelihood of arrangement overload also rises with higher arrival rates.
Tables 7 through 13 present the mean queue lengths, variances, average waiting times,
and joint probabilities corresponding to various values of servicing rates (ug ,up,te s By

u, and yu, ). The results demonstrate that as the service rates of the servers increase,

there is a marked improvement in server efficiency. Consequently, there is a reduction in
mean queue lengths, variances, average customer waiting times, and the probability of
system downtime. This reduction in downtime contributes to an overall enhancement in
system performance.

Table 2: Mean Queue length, Variances, Average waiting time and Joint
Probabilities for various mean arrival rates i,

(taking 2, =7, A, =6, n,=30, p,=25, u =26, A,=5, A, =7, A,=6, pu, =18, p, =20,
u, =23, p, =40)

7\‘a \L Lq Var Ewt P
51 20.5333 144.3660 0.5704 2.5456E-17
5.2 21.0063 151.4629 0.5835 2.82812E-17
5.3 21.5006 159.0991 0.5972 3.13541E-17
54 22.0177 167.3319 0.6116 3.46861E-17
55 22.5592 176.2267 0.6266 3.82873E-17
5.6 23.1272 185.8584 0.6424 4.21663E-17
5.7 23.7237 196.3128 0.6590 4.63295E-17
5.8 24.3510 207.6890 0.6764 5.07805E-17
5.9 25.0119 220.1017 0.6948 5.55198E-17
6 25.7092 233.6845 0.7141 6.0544E-17

Table 3: Mean Queue length, Variances, Average waiting time and Joint
Probabilities for various mean arrival rates i,

(taking Ay=5, A, =6, pn,=30, p,=25, p, =26, A,=5, A, =7, A,=6, pn,=18, pn, =20,
u, =23, p, =40)

7\‘b \L Lq Var Ewt P

7.1 20.6179 145.1711 0.5727 2.56462E-17
7.2 21.1833 153.1856 0.5884 2.8677E-17
7.3 21.7787 161.8679 0.6050 3.19658E-17
7.4 22.4063 171.2940 0.6224 3.55164E-17
7.5 23.0692 181.5513 0.6408 3.93287E-17
7.6 23.7703 192.7402 0.6603 4.33982E-17
7.7 24,5131 204.9768 0.6809 4.77145E-17
7.8 25.3017 218.3959 0.7028 5.22607E-17
7.9 26.1404 233.1549 0.7261 5.70123E-17

8 27.0344 249.4380 0.7510 6.19362E-17
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Table 4. Mean Queue length, Variances, Average waiting time and Joint
Probabilities for various mean arrival rates A

(taking »,=5, A, =7, n,=30, p,=25, u =26, A,=5, A, =7, A,=6, pu, =18, p, =20,
u, =23, p, =40)

w

e ¥ L, V,, Ey P
6.1 20.6283 145.4700 0.5730 2.55054E-17
6.2 21.2083 153.8769 0.5891 2.836E-17
6.3 21.8232 163.0691 0.6062 3.14308E-17
6.4 22.4765 173.1536 0.6243 3.47144E-17
6.5 23.1723 184.2568 0.6437 3.82027E-17
6.6 23.9155 196.5299 0.6643 4.18813E-17
6.7 24.7116 210.1551 0.6864 4 5729E-17
6.8 25.5673 225.3539 0.7102 4.97158E-17
6.9 26.4901 242.3980 0.7358 5.38025E-17
7 27.4896 261.6254 0.7636 5.79385E-17

Table 5: Mean Queue length, Variances, Average waiting time and Joint
Probabilities for various mean arrival rates i,

(taking &, =5, &, =7,A, =6 p, =30, u, =25, u, =26, A, =7, A, =6, p, =18, u, =20, p, =23

g :40)

7\’u \L Lq Var Ewt P
51 20.0800 137.7578 0.5578 2.28662E-17
5.2 20.3472 142.7145 0.5652 2.74543E-17
5.3 20.6280 148.0736 0.5730 3.28546E-17
54 20.9236 153.8796 0.5812 3.919E-17
55 21.2351 160.1832 0.5899 4.65979E-17
5.6 21.5640 167.0426 0.5990 5.52315E-17
5.7 21.9118 174.5244 0.6087 6.52603E-17
5.8 22.2801 182.7060 0.6189 7.68711E-17
5.9 22.6708 191.6767 0.6297 9.0268E-17
6 23.0863 201.5407 0.6413 1.05673E-16

Table 6: Mean Queue length, Variances, Average waiting time and Joint
Probabilities for various mean arrival rates A,

(taking &, =5, A, =7,1,=6, u, =30, p, =25, u, =26, A, =5, A, =6, u, =18, u, =20, p, =23

v My :40)

7\‘v \L I_CI Var Ewt P
7.1 20.3484 142.7203 0.5652 2.61704E-17
7.2 20.6304 148.0853 0.5731 2.98929E-17
7.3 20.9272 153.8974 0.5813 3.40772E-17
7.4 21.2400 160.2073 0.5900 3.87697E-17
7.5 21.5702 167.0731 0.5992 4.40197E-17
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7.6 21.9192 174.5616 0.6089 4.98791E-17
7.7 22.2888 182.7499 0.6191 5.64023E-17
7.8 22.6809 191.7275 0.6300 6.36456E-17
7.9 23.0977 201.5986 0.6416 7.16667E-17
8 23.5416 212.4850 0.6539 8.05239E-17

Table 7: Mean Queue length, Variances, Average waiting time and Joint

Probabilities for various mean arrival rates i,

(taking A, =5, A, =7,A, =6, n, =30, n, =25, p, =26, A, =5, A, =7, p, =18, u, =20, p, =23

1 ”’d = 40)
7\‘w J' Lq Var Ewt P

6.1 20.3445 142.7091 0.5651 2.74189E-17
6.2 20.6225 148.0626 0.5728 3.27848E-17
6.3 20.9152 153.8627 0.5810 3.90906E-17
6.4 21.2238 160.1602 0.5895 4.6479E-17
6.5 21.5496 167.0131 0.5986 5.51104E-17
6.6 21.8943 174.4883 0.6082 6.51638E-17
6.7 22.2594 182.6629 0.6183 7.68379E-17
6.8 22.6469 191.6263 0.6291 9.03523E-17
6.9 23.0589 201.4826 0.6405 1.05948E-16

7 23.4979 212.3537 0.6527 1.23887E-16

Table 8: Mean Queue length, Variances, Average waiting time and Joint
Probabilities for various mean service rates p,

(taking », =5, A, =7,%, =6, p, =25, u, =26, A, =5, A, =7,A, =6, p, =18, p, =20, p, =23,

By = 40)
ua ‘L Lq Var Ewt P
30.1 20.0632 137.6803 0.5573 2.26996E-17
30.2 20.0467 137.6048 0.5569 2.25336E-17
30.3 20.0305 137.5312 0.5564 2.23681E-17
30.4 20.0146 137.4594 0.5560 2.22032E-17
30.5 19.9989 137.3894 0.5555 2.20389E-17
30.6 19.9836 137.3211 0.5551 2.18753E-17
30.7 19.9685 137.2545 0.5547 2.17123E-17
30.8 19.9537 137.1894 0.5543 2.155E-17
30.9 19.9391 137.1260 0.5539 2.13884E-17
31 19.9248 137.0640 0.5535 2.12276E-17
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Table 9: Mean Queue length, Variances, Average waiting time and Joint

Probabilities for various mean service rates p,

(taking », =5, A, =7,%, =6, p, =30, u, =26, A, =5, A, =7,%, =6, p, =18, p, =20, p, =23,

My :40)

],l,b \L Lq Var Ewt P
25.1 20.0234 137.3278 0.5562 2.26209E-17
25.2 19.9687 136.9182 0.5547 2.23743E-17
25.3 19.9158 136.5278 0.5532 2.21266E-17
25.4 19.8646 136.1553 0.5518 2.18781E-17
25.5 19.8151 135.7997 0.5504 2.16291E-17
25.6 19.7670 135.4600 0.5491 2.13798E-17
25.7 19.7205 135.1351 0.5478 2.11304E-17
25.8 19.6754 134.8243 0.5465 2.08812E-17
25.9 19.6316 134.5266 0.5453 2.06323E-17
26 19.5892 134.2414 0.5441 2.0384E-17

Table 10: Mean Queue length, Variances, Average waiting time and Joint

Probabilities for various mean service rates p,

(taking A, =5, A, =7,A,=6, p, =30, u, =25, A, =5, A, =7,A, =6, p, =18,

Mg :40)

Table 11:

“’c J/ Lq Var Ewt P
26.1 19.9806 136.7401 0.5550 2.26578E-17
26.2 19.8852 135.7834 0.5524 2.24437E-17
26.3 19.7938 134.8829 0.5498 2.22246E-17
26.4 19.7061 134.0343 0.5474 2.20009E-17
26.5 19.6217 133.2335 0.5450 2.17732E-17
26.6 19.5407 132.4770 0.5428 2.1542E-17
26.7 19.4627 131.7615 0.5406 2.13078E-17
26.8 19.3876 131.0840 0.5385 2.1071E-17
26.9 19.3152 130.4419 0.5365 2.08319E-17
27 19.2454 129.8327 0.5346 2.0591E-17

n, =20, p, =23,

Mean Queue length, Variances, Average waiting time and Joint
Probabilities for various mean service rates p,

(taking A, =5, A, =7,1,=6, p, =30, p, =25, p, =26, A, =5, A, =7,A, =6, pu, =20, p, =23

v g :40)

“’u \L Lq Var Ewt P

18.1 20.0771 137.7526 0.5577 2.21656E-17
18.2 20.0742 137.7475 0.5576 2.14898E-17
18.3 20.0714 137.7426 0.5575 2.08378E-17
18.4 20.0686 137.7376 0.5575 2.02087E-17
18.5 20.0658 137.7328 0.5574 1.96015E-17
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18.6 20.0631 137.7281 0.5573 1.90154E-17
18.7 20.0604 137.7234 0.5572 1.84496E-17
18.8 20.0578 137.7189 0.5572 1.79032E-17
18.9 20.0551 137.7144 0.5571 1.73756E-17
19 20.0526 137.7100 0.5570 1.68659E-17

Table 12: Mean Queue length, Variances, Average waiting time and Joint
Probabilities for various mean service rates p,

(taking &, =5, &, =7,A, =6, p, =30, u, =25, u, =26, A, =5, A, =7,A, =6, u, =18, p, =23,
Hd:40)

Mv \L Lq Var Ewt P
20.1 20.0759 137.7493 0.5577 2.23627E-17
20.2 20.0719 137.7409 0.5576 2.18724E-17
20.3 20.0679 137.7327 0.5574 2.13947E-17
20.4 20.0640 137.7247 0.5573 2.09293E-17
20.5 20.0601 137.7168 0.5572 2.04758E-17
20.6 20.0563 137.7091 0.5571 2.00339E-17
20.7 20.0525 137.7014 0.5570 1.96033E-17
20.8 20.0488 137.6940 0.5569 1.91836E-17
20.9 20.0452 137.6866 0.5568 1.87744E-17
21 20.0416 137.6794 0.5567 1.83756E-17

Table 13: Mean Queue length, Variances, Average waiting time and Joint
Probabilities for various mean service rates p,,

(taking A, =5, A, =7 ,A, =6, p, =30, u, =25, p, =26, A, =5, A, =7,A, =6, u, =18, p, =20,
Hd:40)

l’lw J’ Lq Var Ewt P
23.1 20.0780 137.7543 0.5577 2.22161E-17
23.2 20.0759 137.7508 0.5577 2.1587E-17
23.3 20.0739 137.7474 0.5576 2.09781E-17
23.4 20.0719 137.7441 0.5576 2.03887E-17
23.5 20.0700 137.7407 0.5575 1.98181E-17
23.6 20.0680 137.7374 0.5574 1.92657E-17
23.7 20.0661 137.7342 0.5574 1.87307E-17
23.8 20.0642 137.7310 0.5573 1.82126E-17
23.9 20.0623 137.7279 0.5573 1.77107E-17
24 20.0604 137.7248 0.5572 1.72246E-17

7. CONCLUSION

A comprehensive queuing framework has been developed in this study to analyze many
key assessment indicators, including average customer waiting times, traffic intensities,
gueue lengths, etc. To evaluate the various output parameters, multiple combinations of
input parameters have been considered.
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This parametric study has practical applicability in real-world settings such as shopping
malls, banks, railway stations, industrial facilites, and similar service-oriented
environments.
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