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Abstract

In this paper, we introduce a new energy of a graph called degree factorial energy and obtained the degree
factorial energy of path graph, cycle graph, grid graph, wheel graph, star graph and triangular snake graph.
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1.INTRODUCTION

Let G(V,E) be a simple graph with n vertices and m edges. The adjacency matrix A(G)
of a graph G is a square matrix of order n whose (i, /)" entry is equal to 1 if the vertex v;
is adjacent to the vertex v; and is equal to 0 otherwise [1]. The spectrum of the graph is
defined as the set of all eigen values of the adjacency matrix and the energy of the graph
is defined as the sum of all absolute values of these eigen values [3,4]. There are many
energies based on matrices like distance matrix, Laplacian Matrix [2,4,5,7,8,9] etc., Erich
Huckel initiated the application of graph theory in chemistry during the 1930s when he
explored molecular orbital theory[6]. He devised a graphical framework for unsaturated
hydrocarbons in quantum chemistry, transforming it into a graph theory problem.
Remarkably, the energy levels of electrons in these unsaturated hydrocarbon molecules
were found to correspond to the Eigen values of the associated graphs, which led to the
naming of this concept. In our contemporary understanding, this approach remains a
fundamental connection between graph theory and chemistry. In this paper the degree
factorial energy of the graph is defined and the same is obtained for path graph, cycle
graph, complete graph, ladder graph, wheel graph, star graph and triangular snake graph.

2.MAIN RESULTS

Definition 2.1 Let G(V, E) be a simple graph. LetV = {v,,v,, ...,v,,}. The degree factorial
matrix of the graph ¢ is denoted by DFM(G) = [a;;] and is defined as follows:

dw)! ifi=j
DFM(G) = t .
() { 0! otherwise
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The characteristic polynomial of DFM(G) is Ppry)(4) = det(DFM(G) — AI) is known as
degree factorial polynomial of G where I is the identity matrix. The roots of the equation
Pprm)(4) = 0 are called as the degree factorial eigen values of G (or) degree factorial
characteristic values of G. The set of all eigen values 14,4,, ... ... , A, Of this polynomial
Ppru)(4) is known as the degree factorial spectrum of G. The sum of the absolute
values of the degree factorial eigen values of G is known as the degree factorial energy
of G and is denoted by DFM(G). i.e., DFM(G) = X1 |4

Theorem 2.1. The degree factorial energy of the path graph P, is 2(n—1) where
n=2.

Proof: Let P, be a graph with n vertices and n — 1 edges. The degree sequence of the
path graph B, is (1,2,2,..,1) =(1,1,2,2,...,2). Let vy, v,,...,v, be the corresponding
vertex labels of the above degree sequence of the path graph P,.

Now consider the path graph P,. The degree factorial matrix of P, is
/11y /101
DFM(P) = (1 1!) B (1 1)
The characteristic equation of DFM(P,) is
|1 1’1 1 1/1| =0 = 12-21=0. The degree factorial spectrum and the degree
factorial energy of P, graph are 0,2 and 2 respectively.
For n > 3, the degree factorial matrix of B, consists of 4 blocks where the blocks

d(v;)! 1
Bl:[ (11) d(vl-)!] ’ BZ:H 1 . ﬂzx(n_z)'
1 1 211 - 1
B; = [1 1 and B, = 1 a1 1
1 1Tm-2)x2 11 1 2'! (n-2)x(n-2)

The above blocks can be written as By = J,x2, Bz = Jaxm-2), B3 =Jm-2)x2 and B, =
In-2)x(n-2) T Jm-2)xm—-2)- (Here, L, is the identity matrix and J,,,, is the matrix of ones)

B, | B
i.e., DFM(P) = [ﬁﬁ_Bﬁ

Now the characteristic equation of DFM(PB,) is
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11-2 1 1 1 1
1 11-2 1 1 1
1 1 2'—21 1 1
=0
1 1 1 1 . . . 21=-2
SAA-D" 32 -(n+1A1+2) =0.
~ The degree factorial spectrum of the path graph B, is 0, nHityintl); -8 “(:“)2_8 (n — 3) times
1.
Now the degree factorial energy of the path graph B, is
n+14./ (n+1)2-8 n n+1ty/(n+1)2-8

=0+1+1+-..+1+

2 2

n — 3 times

—n—3+ [n+1im] + [n+1im]
2 2

n+1 n+1

=n—3+—+—

=2n—2=2(n-1).
Hence the degree factorial energy of the path graph B, is 2(n — 1) where n > 2.
Theorem 2.2. The degree factorial energy of the cycle graph C, is 2n where n > 3.
Proof:

Let C,,n = 3 be a cycle graph with n vertices and n edges. The degree sequence of the
cycle graph C, is (2,2, ...,2). Let vy, vy, ..., v, be the corresponding vertex labels of the
above sequence. The degree factorial matrix of C,, is

DFM(Cn) = [2! Inxn + Jaxn — Inxn]
where I, is the identity matrix and /., IS the matrix of ones.

The characteristic equation of DFM(C,,) is

>A-D"(A-(n+1)=0

20-1 1 11 1
1 20-2 1 1 1
1 1 20-2 1 1
=0
1 1 11 20— 2

Jan 2024 | 75



Tianjin Daxue Xuebao (Ziran Kexue yu Gongcheng Jishu Ban)/
Journal of Tianjin University Science and Technology

ISSN (Online):0493-2137

E-Publication: Online Open Access

Vol: 57 Issue: 01:2024

DOI: 10.5281/zen0d0.10571036

The degree factorial spectrum of the cycle graph C,, isn + 1, (n — 1) times 1.
Now the degree factorial energy of the cycle graph is
DFM(C,)=n+1+1+1+-.+1=n+1+n—-1=2n.

(n — 1) times
Theorem 2.3. The degree factorial energy of the complete graph K,,n > 2 is n!.
Proof:

Let K,, be a complete graph with n vertices. The degree sequence of complete graph K,
is(n—1,n-1,..,n—1). Letv,v,, ..., v, be the corresponding vertex labels of the above
sequence. The degree factorial matrix of K, is

DFM(Ky) = [((n = 1)) = )lnsn + Jxn]
The characteristic equation of DFM(K,,) is

(n—1!'—2 1 1
1 n-1'—21 .. 1
. . — o
1 1 w1 (n=1D1-2

S>A-[r-DI=1D"*A-(n-D'+(n—-1))=0

The degree factorial spectrum of the complete graph K,, is (n — 1) times (n —1)! —1,
n-D'+(Mn-1).

Now the degree factorial energy of the complete graph K,, is
DFE(K,) =(n—-D!'+(n—-1D+(n-1)!'-1)(n—1)
=n—-D[n-2)!+1+n-1)!—-1]
=(n—-D!'[(n-2)+n-1)]
=n-D'+(n—-1)(n-1)!
=n!
Hence the degree factorial energy of the complete graph K, is n!.
Theorem 2.4. The degree factorial energy of grid graph with P, X P,, is 4(3n — 4).
Proof:

Let P, x P,,n=>2 be a grid graph with 2n vertices and 3n — 2 edges. The degree
sequence of grid graph P, xPB, is (2,2,2,2,3,3,...,3,3). Let v,v,,..,v, be the
corresponding vertex labels of the above sequence.
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The degree factorial matrix of the P, X B, is DFM(P, X B,) =

(2!)14><4 +]4><4 - I4><4 ]4x(2n—4)
Jan-1)xa ' BDIzn-vx@n-4) +Jen-s)x@n-1) — lzn-4)x@n-4)
The characteristic equation of degree factorial matrix of P, X B, is
AR 1 1 1 1 1
1 21—1 1 1 1 1
1 1 21—21 1 1 1
1 1 1 21— 2 1 1 ~0
1 1 1 1 31-1 1
1 1 1 1 1 .. 31=2

> A-13@A-52"3%(12-2A(n+3)+(2n+21)) =0

The degree factorial spectrum of the grid graph is 3 times 1,(2n—5) times 5,

(n+3+VnZ+4n—12).
Now the degree factorial energy of the grid graph P, X B, is
DFE(P,xPB) =1+14+1+52n—-5)+2(n+3)

=12n — 16 = 4(3n — 4).

Theorem 2.5. The degree factorial energy of wheel graph W, with n vertices, n >
4 is(n—1)!'+6n-6.

Proof:
Let W,,n = 4 be a wheel graph with n vertices. The degree sequence of wheel graph W,
is((n—1),3,3,......,3). Let vy, vy, ... ..., v, be the corresponding vertex labels of the above
sequence. The degree factorial matrix of wheel graph W, is
n—1)! -
DFM(Wn) _ l( ) l ' ]1><(n 1)
Jn-1x1 L BDIn-vxn-1) T Ja-Dx@m-1 — In-Dxn-1)
Now the characteristic equation of DFM (W,,) is
m-DI—-21 1 . A |
1 31—-1 1 . 1
1 1 31—-1 . . 1 =0
1 1 . .. 31=2

SA-5)"2-((n-D'+(n+4HA+2n)-(n-4H)n—-1D)'-(n-1) =0
The degree factorial spectrum of W, is
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5 m+4)+(n-1)!+/(n-D![(n-1)!-8]+n2+12n+12—2(n!)
) 2 .

(n — 2) times

The degree factorial energy of I, is

n+4)+(m-1)!+/(n-D![(n-1)!-8+n2+12n+12—2(n!)]

5454+--4+5(n—2)times + >

m+4)+(n-1)!-/ (-1 [(n-1)!-8+n2+12n+12—2(n!)]
2

+

_ 5(n _ 2) + n+4+2(n—1)! + n+4+2(n—1)!

=5(n—2)+n+4+mn-1)!
=n-1!'+6n-6.
Theorem 2.6. The degree factorial energy of star graph §,, n>4is(n—1)!+n—1.

Proof:

Let S,,,n = 4 be the star graph with n vertices. The degree sequence of star graph S,, is
(n—-1),1,1,..,1). Let vy, v, ......, v, be the corresponding vertex labels of the above
sequence. The degree factorial matrix of star graph S,,,n > 4 is

[(n - 1! . Jix(n-1) ]

DFM(S,) =
(Sn) Umn-vx1 | Jn-vx-1]

The characteristic polynomial of degree factorial matrix for S,,n > 4 is

n-1D'—-1 1 1 ... 1

1 -2 1 . .. 1

1 1 1U=2 ... 1
=0

1 1 1 ... 1u-2

S 22— [(n—1D)!+ (- DA+ 0 —[(n— 1D +n—1])) =0

~ The degree factorial energy of star energy of star graph with S,,,n > 4is (n—1)!+n —
1.

Theorem 2.7. The degree factorial energy of the triangular snake TS,, is n + 24 E] —
21, wherem > 2 and n = 2m + 1. ([n] denotes integral part of n).
Proof:

Let TS, be a triangular snake graph on n vertices where n=2m+1,m > 2. Let
v, Uy, ..., U, D€ the corresponding vertex labels of the degree sequence of the triangular
snake graph.
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The degree factorial matrix of TS,, is DFM(TS,,) =
R - e i - e

[ axg]-1 ]

| T [ e | @D e 2t 2o |

Now the characteristic equation of DFM(TS,,) is
4= Do s | Tl _
S} en-[Z]1 | @Dl et |

> (=Dl = 23l (2= (+ana+e68+a[2) =0

The degree factorial spectrum of TS, are ([§]+1) times 1, (E]—Z) times 23,

n+4!i\/n2+48n—304+96[§]

2
ow the degree factorial energy of the triangular snake graph TS, is

141+ .41 (E] + 1times) +23 4+ 23 4 - + 23([%] — 2 times)

n+4!+\/n2+48n—304+96[§]
2

+

=[5 +1+23([f]-2)+ 25+ 22 =n+24[5] - 21

=~ The degree factorial energy of TS, is n + 24 E] —21.

3.CONCLUSION

In this paper the new energy of a graph called degree factorial energy of a graph is
introduced and the degree factorial spectrum and degree factorial energy of path graph,
cycle graph, complete graph, grid graph, wheel graph, star graph and triangular snake
graph were obtained.
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