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Abstract

In this manuscript, our primary focus is to establish some coupled fixed point results with mixed
monotone mappings fulfilling a generalized contractive condition in vector valued rectangular metric
spaces. The derived results extend and generalize various acknowledged results in the literature. An
example is provided to illustrate our work.
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1. INTRODUCTION

A fixed point of a function is a point in the domain of the function that maps to itself
under the function. In the past several years, fixed point theory has become widely
recognized as a potent and essential tool in the exploration of nonlinear analysis. Stefa
Banach [3] proved a fundamental result in the study of metric space called Banach
fixed point theorem in 1922, which state that “Every contraction in a complete metric
space have a unique fixed point”. Subsequently, the Banach fixed point theorem has
been generalized by several authors in various metric spaces (see [2, 6, 8, 9, 12, 14]).
A contraction mapping in Banach fixed point theorem is necessarily continuous. So, it
is quite natural to ask, “Is there a contraction mapping that does not require to be
continuous”. Kannan [15] responded positively to this question and presented a novel
contraction mapping called Kannan type mapping. Kannan type mapping may be
discontinuous but for such mappings, he introduced a result that have a unique fixed
point. After Kannan [15], numerous Mathematicians like Reich [16] and Chatterjea [10]
presented the diversity of contraction conditions. In 2000, Branciari [6] presented the
notation of rectangular metric space and proved some results related to fixed point.
Cevik and Altun [8] presented the notation of vector metric space, where the metric is
Riesz space valued. By merging rectangular metric space and vector metric space,
we define new space called vector valued rectangular metric space. Consider a set E,
a pair of elements (¢,9) € E X E is known as coupled fixed point (denoted as cfp) of
the mapping F: E X E - Eif¢ = F(¢,9) and 9 = F(9,¢). The concept of mixed
monotone mapping was first given by Bhaskar and Lakshmikantan [4], and discussed
few results on cfp in ordered metric spaces. Afterwards, many scholars investigated
results on cfp for mixed monotone mapping in various general metric spaces, for
further information, we recommend the reader to [4, 5, 11, 13, 18, 19, 20]. In this work
we establish few results related to cfp by using mixed monotone mappings in vector
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valued rectangular metric space. We extend and generalize the work of Ding et. al.
and Bhaskar et. al. [4, 11]. Furthermore, we provide an example to clarify our work.

2. PRELIMINARIES

Here, we provide various definitions, results and notations that will be utilized later.
For preliminaries and basic concept of Riesz space, one may refer, Aliprantis and
Border [1].

Definition 2.1. [1] A partially ordered set (poset) is a pair (E, <) where E is any set
and < is any binary relation which satisfy the following conditions:

M¢ =g
2)If¢ < dandy < ¢theng =9I (Antisymmetric)
B)If¢ = JandVI <X ntheng¢ < 7 (Transitive)

(Reflexive)

forall¢,9,n € E.

Remark 2.2. [1] Let Q be a real vector space. Then poset (Q,<X) is called partially
ordered vector space if it satisfy the followings:

QD¢ = Iimplies¢c +n <9 +n
(2) ¢ < 9impliesi¢ < A9, V¢, I9,n € Qand A > 0.

Definition 2.3. [1] A lattice is a poset, where every pair of elements has a least upper
bound and greatest lower bound. A Riesz space Q is a partially ordered vector space
which is also a lattice under its ordering.

Here onwards Q shall denote a Riesz space.

Example 2.4. [1] The vector space C,(Q) of all bounded continuous real functions on
the topological space under pointwise ordering defined by f < g whenever f(¢) <
g(¢) foreach ¢ € Q.

Notation: [1] The notation ¢,, | ¢ signifies that {¢,,} is a decreasing sequence in Q
and infimum of ¢,,, is ¢.

Definition 2.5. [1] A space Q is called Q-Archimedean if %g !l 0,foreachm € N and
¢ € QtwhereQ*={¢ € Q: ¢ = 0}.

Example 2.6. [1] The vector space €(0,1) of all continuous functions on the open
interval (0,1) is Archimedean Riesz space under the usual pointwise ordering.

Lemma 2.7. [2] Consider a space Q and ¥ < ad, VI € Q,also0< a < 1,thend =
0.

Definition 2.8. [2] Let E be any non-empty set, then the mappingk: E XE — Qis
vector metric if it satisfies the followings:

@xk@Ww) =09 =w
(b) kW, w) = k(w,?I)
C©) k@, w) 2 k@W,n)+ k(n,w), Vn,9,w € E
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Then (E, k, Q) is called vector metric space (denoted as VMS).
Example 2.9. [2] A vector metric k: Q X Q — Q defined by:
k(6,9) = |¢—9|
is called absolute valued metric on Q.
Definition 2.10. [7] Let (Ey, k1,Q) and (E3 k,,Q) be two VMS. A mapping
F:(Ey, k1, Q) = (E,, k3, Q) is vectorial continuous at ¢, if ¢, Kl—'Q> ¢* in E; implies F(gy,)

Q . . o N .
s F(¢*) in E,. And, vectorial continuity of F at each elements of E implies F is
vectorial continuous on E.

Definition 2.11. [2] A sequence {J,,} in VMS (E, k, Q) is called vectorial convergent
(Q-convergent)

to some 9 € E, denoted as ﬁmK—'Q> 9 if 3 n,inQstn, ! 0and k(¥,9) 2 1, A
sequence {9,,} is Q-Cauchy, if 3r, in Q st. n, L 0 and Vm,p, we have
K(Om, Im4p) = 1y If every Q-Cauchy sequence in E is Q-convergent to a limit in E,

this implies that a VMS E is Q-complete.

Definition 2.12. [6] Let E be any non-empty set and the mappingk: E X E - Rs.t.
VY,w € E and for all distinct n,¢ € E s.t. n,¢ € {9, w} is called rectangular metric if
it satisfies the followings:

@k@Ww) =09 =w

(b) k¥, w) = k(w,I)

© k@ w) < k@ n) + k¢ + k(5 w).

Then (E, k) is called rectangular metric space (RMS).

Example 2.13. [6] Let P = {n: nisevenand0 < n < 2}, K = {1: n € N},E =

n
P U K. Definex: E x E - R* as follows:
0 if 9=w
1 if {9, w}c Por{9,w} c Pand¥ # w,
9 if9€e K, weP
w if9€eP,w€EK.

k9, w) =

Clearly, (E, k) is RMS. But (E, k) is not a metric space since 1 = «(0,2) > K(O,%) +
K(% ,2), wheren € N — {1,2}.

Definition 2.14. [14] Let E be any non-empty set, then the mappingkx: E X E = Q is
vector valued rectangular metric s.t. V9, w € E and for all distinct n,¢ € E s.t. n,¢ €
{9, w} if it satisfies the followings:

@xkWw) =09 =wbhrk@w) = k(w,I9)

(b) k@, w) = k(w,I)

© k@ w) 2 k@,n) + kM) + k(S w).

And the triplet (E, k, Q) is vector valued rectangular metric space (VVRMS).
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Next, we provide an example of VVRMS that is not a VMS.
Example 2.15.[14] Let Q = R?,E = {1,2,3,4} and definek: E x E - Q s.t.
K(9,w) = k(w,V) and
k(9,9) =(0,0) VI € E
k(2,1) = k(3,1) = k(41) = k(4,2) = k(4,3) = (1,1)
k(3,2) = (3,3)

Definition 2.16. [4] Let (E, X) be a poset. The mapping F : E X E — E is saidto has
the mixed monotone (denoted as MM) property if for some ¢,9 € E,

$1,62 €G, 61 = 63 = F(¢,9) =X F(g3,9)
and
9,0, EE, 9, <9, = F(c,9,) < F(c,9,).

3. MAIN RESULTS
The following results generalize the results of Ding et. al. [11] for VVRMS.

Lemma 3.1. Let (E,=<g) be a poset and (E,k,Q) be a complete VVRMS with Q-
Archimedean. Let the mapping F : E X E — E be vectorial continuous. Further, the
sequences {¢,}, {9} In E defined by ¢,, = F(¢m-1,9m-1), 9m = F(Om-1,Sm-1) are
Q-cauchy. Then there exist ¢,,9, € E suchthat¢, = F(¢,,9,) and 9, = F(9,,¢.).

Proof. We know that, {¢,,} and {9,,} are Cauchy sequences, so there exists
sequences 7, and j, in Q with r, 1 0andj, | 0 such that k(¢y, Smsp) = 1y and
K(Om, Omap) = jm,¥m and p. Since the space (E,k,Q) is Q-complete, there exist

,Q K,Q
¢., 9, € E suchthat ¢,, — ¢, and 9,, — 9,. Also,

'Q - . . -
(gm,ﬁm)K—>(g*,19*). And since F is vectorial continuous then we have

Q . . :
F(¢mOm) = (s.,9.). So, there exist sequences a,,,, b,, and c,, in Q with {a,,, by, ¢} 1
0 S.t. k(Smy§) 2o @my KO, 9.) 2o by @Nd k(F (G, 9m), F(5.,9.)) =X cm. Finally, we
will claim that F(¢, ,9,) = ¢, and F(9,,¢.) = 9,. Now

K(F(C*rﬁ*)' C*) 5Q K(F(C*'ﬁ*)'F(gm'ﬁm)) + K(F(Cm'ﬁm)'F(§m+1'19m+1))
+K(F(Cm+1'19m+1)l C*)
5Q Cm + K(§m+1'§m+2) + K(§m+2:§*)

5Q Cm T Tm + Ay ( Am+2 5Q Am and Tm+1 ﬁQ rm)

Zm

where ¢, +1n, +a, = z,, and z, | 0. We get x(F(s.,9,), ¢.) = 0, implies
F(¢,,9,) = ¢,. Similarly, we can show F(J,, ¢,) = 9,.

Theorem 3.2. Let (E, <) be a poset and (E, k, Q) be a VVRMS with Q-Archimedean.

Let the mapping F: E X E — E be vectorial continuous with MM property on E.
Consider the following: (G1) there exists a4, a,, az; = 0 with 2a; + 3a, + 9a; < 2s.t.
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a1 (k(¢,$)+ K(®,0)) 4 a, (x(g,F(c,ﬁ))+ Kk(s,F(s,t))+ K(ﬁ,t))
2 2

k(F(5,9),F(s,t)) <,

4 a3( k(9,F(s,0))+ k(t,F(,9))+ x(ﬁ,t))
2

foralls <p¢andd =<pt.
(G2)forallm = 0,1,2,3, -+, k(O Sm) 2o K(Sm+1,Sm) + K(m+1,9m).
(G3) there exist¢,, 9, € E suchthat¢, < F(co,9) and F(9,¢o) g Yo-
Then F has a cfp.
Proof. Let¢,, = F(¢m-1,9m-1), 9m = F(9y_1, ¢m-1), Wherem = 1,2,---. Since
CO 5E F(Co,ﬁo) = Cl and 191 - F(ﬁOICO) 5E 190, then we have
¢2 = F(61,91) = F(F(So,Y), F(0,60))
and
U, = F(91,61) = F(F(D0,60), F(50,90))-
By using MM property on E, we have
F(¢o,9) < F(¢y,9),forany9¥ € E and F(¢,9y) < F(5,9;),forany¢ € E.
Take 9 = 9, and ¢ = ¢, we get
F(g0,90) =g F(51,9) and F(g1,9,) =g F(51,91)
By transitivity we have,
F(50,9) =p F(61,91)
Similarly
F(91,61) =g F(Jo,60)-
Continue the above process, we can easily verify that
So =g F(50,90) = ¢1 =g F(61,91) = ¢ Zp=p F (¢n,Un) = Gny1 p """
and
2 Onpy1 = FOn6n) 2 =p 9, = F(¥1,61) 2p 91 = F(90,60) =g Y.
Now, let

_ k(61,60)+ k(91,9)
5 .

Then by given hypothesis, we have
k(62,61) = K(F(51,Y1),F(S0, Vo))

a; ( k(1,60)+ k(91,90)) n az( Kk(¢1,F(¢1,91))+ k(0,F(50,80))+ K(191.190))
Q 2 2
n a3( Kk(91,F(60,90))+ k(90,F(1,91))+ K(191ﬂ90))
2

<
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a
= a0+~ [K(61,62) + 5(50,61) + K(B, 9p)]

as
+7 [K(¥1,61) + K(W0,62) + K(D1,90)]
<o o+ aw + % k(1,62) + % [K(P1,61) + K(D0, o) + K(So, 1)

+K(61,62) + K(91,90)]
=(a; + a; + az3)w + a, +% k(S1,62) +% [k(P1,61) +

k(0,601
2_ —_
2 k(62,61) 2 (a1 + @z + az)w + 2 [K(B1,9p) + K(Po, G0) + K (So,61) + K(¥0, Go)]
Kk(cy, U
- (a1 + az + 2a3)(1) + 203%

<o (a1 + a; + 2a3)w + 2a3(K(C1'g°;+ K(01.9)) (using (G2))

Thus, we obtain
2(ay + a, + 4as3)
w

< =
Kk(62,61) Zq P E— hw
where h = 22+ *4%) 4 Gince 2q, + 3a, + 9a; < 2.
2- ap; —as
Also, one can get
kK(91,92) = k(F(Jo,60), F(91,61))
a1( K (99, 91) + K(Co,ﬁ))
N a; (K(ﬁo,F(ﬁo: Co)) + K(191,F(191, §1)) + Kk (o, §1))
2
n a3( Kk(50,F (91,61))+ k(61,F(90,60)) + K(CO»C1))
2
Kk (90,91) + k(I1,9,) + k(So,61)
== alw + a2 2
+ ‘13( K (S0, 92) + K(g19) + K (o, C1))

2
az as
ﬁQ alw + az(l) +7 K(191,192) +7 [K(COI.&O) + K(190,191) + K(ﬁl,ﬁz)

+ k(51,91) + K(So,61)]

2 - az—ag a3
TK(ﬁpﬁz) <o (a1 +a; t az)w + > [ (61, 60) + K (S0, F1) + K(Fg, Y1)

+ k(J0,60)]

K(Co,ﬁo)

= (a; + a, + 2a3)w + 2a; >
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2a3(x(51,60)+ K(91,9))

<o (a1 + a; + 2a3)w + -

which also gives
2(ay + a, + 4a3)
w

Kk (91,9,) =0 > - 4 - a
2 3

= hw

Similarly, we can find that

2(a; + a; + 4a3) [ k(52,61) + k(I2,9,)
Kk(63,62) =0

2-a,- as 2

K(Sm+1,Sm) 2o WM

Also, by induction we deduce that
K(Omi1,9m) 2o W, m=1,23,"-
By using rectangular inequality and (G2), we have
K(Sms Sm+2) =0 K(SmsSm+1) T K(Sma1,Ime1) + K(Oma1s Sma2)
<o h"w + k(Smi2:Sm+1) + KOma2:9ms1) + KOmi1, Om) + KO, Smat1)

+K(Cm+1' Cm+2)

. <o W"w+h"™"'w + "o + o + KOm+1,9m+1) + K(Gm Sme1) +
h™ttw

<o (4h™ + 3™ Hw
similarly, we can find
KOm, Ime2) S (4R™ + 3™ N w.

Next, we claim that {¢,,} and {9,,} are Q-Cauchy sequences. For {9,,}, we consider
K(9m, Im+p) i two cases.

Case l.Ifpisoddsay 2n + 1,n € N U {0}, then we have
K(ﬁm»ﬁmﬂo) =0 K(Om Om+e1) + K(Oms1,9me2) + K(ﬁm+2'19m+p)
=<0 KO Ims1) + K(Oms1, Ims2) + K(Oma2: Imas) + K(Omas, Omea)
+(Imrar Omap)
<0 KOm, Om+1) + KOms1,9m42) + - + K(Omizn-1,Im+2n)

+ K(ﬁm+2n» 19m+p)
5Q (hm + hm+1 4+ + hm+2n )w

=<0 {%w} l 0.

Case 2. If piseven say 2n,n € N, then we have
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K(9m Imap) 20 KOm Oms2) + KOms2, Omrs) + K(Omsz Omap)
=0 K(Om, Im2) + K(Omei2, Oms3) + K(Ome3, Omsa) + K(Omiar Umys)
R G
20 KOmm+2) + KOmi2,9m+3) + - + KOmr2n-1,9ms2n)
<o (4™ + 3A™ N + (A™? + K™ 4. + Mg

hm+2
<0 <4hm + 3pm*t t1 o h)a)

={= (4 - 7h - 2n*)w} L O

Therefore {9,,} is Q-Cauchy sequence. Likewise, it can be demonstrated that {¢,,} is
also a Q-Cauchy sequence. Now, by Lemma 2.1., it follows that F possesses a cfp

(6., 0.).

Theorem 3.3. Assuming that all conditions specified in Theorem 2.1 are fulfilled except
for the continuity of F. Furthermore, let’s consider that E exhibits the following:

(a) if a non-decreasing sequence {¢,,} convergesto¢in E, implies¢,, <p¢,Vm € N,

(b) if a non-increasing sequence {9Y,,} converges to J in E, implies 9 < 9,,, Vm €
N.

Then F has a cfp.

Proof. Let {¢;n}, {9} 6., U, be as in Theorem 2.1. Now, by using rectangular inequality
and

(G2), we have
K(19*, Cm) 5Q K(ﬂ*rﬂm—l) + K(ﬁm—lfﬁm) + K(ﬁm' Cm)

5Q K(ﬂ*'ﬂm—l) + K(ﬁm—lfﬁm) + K(§m+1f§m)
+ KOm+1,Om) (D)

and
K(ﬁm—ltF(C *,0 *)) 5Q K(ﬁm—ltﬁm) + K(ﬁm: Cm) + K(Cm'F(C*'ﬁ*))

ﬁQ K(ﬁm—llﬁm) + K(§m+lr§m) + K(ﬁm+1ﬂ9m)
+ k(Gm, F(5,9.)).  (2)

Adding (1) and (2), we get
K(ﬁ*' Cm) + K(ﬁm—ll F(g*: 19*)) 5Q K(ﬂ*’ﬁm—l) + Z[K(ﬁm—l'ﬁm) + K(§m+1r Cm)

+K(Ime1,9m)] +
K (S F (61, 9)). )

By the assumptions (a) and (b), ¢, <g¢.andd, <y 9, forallm € N.

By using (G1) and (3), we obtain
K(F(g'*,ﬁ*), gm) = K(F(C*;ﬂ*),F(Cm_1,19m_1))
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K(Gs,Sm—1)+ K05, 9m—1)
2

K(C*,F(C*,ﬁ*)) + K(Cm—l)F(Cm—l'ﬂm—l)) + K(ﬁ*rﬁm—l)

5Q aq

2
2
a K(ﬁ*fF(Cm—lJﬁm—l)) + K(ﬁm—l'F(C*rﬁ*)) + K(ﬁ*rﬁm—l)
3
2

a+ a, + a
% K(9,, Om_1)

+ 2 [1(6m-1,6m) + k(50 F (50 0))] + 3 [K (B 6m) +

a
= 71 K(Gur Smoy) +

K(ﬁm—l' F(C*r 19 ))]

aq + a, + as a,
f K(ﬁ*; ﬁm—l) + 7 [K(Cm—lﬁ Cm)

+1(50 F (50, 9.))] + 22 (K Ome1) + 2[K Oy, ) +

<0 = k(6w m-1) +

K(Sm+1,Sm)
+ K(ﬂmﬂn?m)] + Kk(Sm, F(5.,9.))) (using (3))

a, + a, + 2a;
2 K(ﬁ*: ﬁm—l)

+? [K(Cm—l' Cm) + K(C*;F(C*:ﬁ*))]

+a3[K(19m—1'19m) + K(Cm+1: Cm) + K(ﬁm+1'7~9m)]

_2 K(F(C*;ﬂ) g‘m) < K(C*: Cm— 1)

Then, it follows that

a1+ ap+ as

K(F (6, 9.),6m) =g - K(§*:Cm 1)+ KOs, Om-1) +

3 [K(Cm—l’ Cm)

2
+1(60r F (5. 9.))] 5o 1 Omes, In) + 1S, Gm) +
KOm+1,9m)]. (4)
Now, we will claim that F(¢,,9,) = ¢, and F(9,,¢,) = V..
K(C*:F(C*:ﬁ*)) 5Q K(C*:Cm—l) + K(Cm—li Cm) + K(Cm'F(g*rﬁ*))

=0 (6w Sm-1) + K(Sm-1,6m) +
ast+ay+a
12_—2(133 K9 Om-1)

5 K(6u §m-1) +

az 2a3
o [k (6m1, §m) + k(50 F(5.,9.))] + 5 [KOm-1,9m)
3 3

+K(Sm+1,Sm) + K(Ime1,9m)]
K(C,F(g*,ﬁ )) < 2- a3+a1

a2+ a1+a3

L (9., Oe)

2- a3 a, 2+a2 as

k(G Gm—1) + K(Sm—-1,Sm) +
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2a;
7 [ Oe1,9) + K1, Sm) + K(nss, O]
3
2+ aq-as 2-a,- as az; + a; + a4
K(¢o F(¢0)) g —=——— ap + ———— +
(6 Fs.,9) C2-a,-a3; ™ 2—a3—a2gm 2-a,-a; "
2% b b g 4R
2_ az_ a3 [ m gm m]
a,-az + 2 a;-a, + 2 az; + a, + a4
=— a _—
2-a,-az; " 2-a,-az °™ 2-a,-az; "
4a,
+—h
2-a,-as "
. 2—a3+a1 (2+a3—a2) aitaz+as 4a3
since {2—a3—a2 e aal e — '2—a3—a2} > 0 and {a,;, gm, bm, by} 1 0. Then we
get

k(s., F(¢.,9,)) = 0. Hence F(s,,9,) = ¢,, similarly we can find F(9,,¢.) = V..

Theorem 3.4. Assuming that all the conditions specified in Theorem 2.1 (or Theorem
2.2) are fulfilled. Furthermore, if ¢y, 9, are comparable, and 2a; + 3a, + 3a3; < 2,
theng¢, = 9,.

Proof. W.L.O.G.,, we may let ¢, <z ¥,. Since F has MM property, implise
Sm =g 9n,Vm € N.Then, we have
KO, Sm) = K(F(Om-1,$m-1), F(§m-1,9m-1))

< a1( K(Om—-1,m—-1) + K(Cm—1ﬂ9m—1))
=0 2

az( K(Om—-1.F Om-1,6m-1))+ k(¢m-1.F (¢m-1,9m—1))+ K(Cm—l'ﬁm—l))
2

as ( K(Cm—l:F(§m—1'19m—1)) + K(ﬁm—liF(ﬁm—lf gm—l)) + K(Cm—l'ﬁm—l))
2

+

K(¢m—1,9m—-1)

K(ﬂm» Cm) 5Q al’c(ﬁm—lt Cm—l) + az(K(ﬁm—l'ﬁm) + K(Cm—l' Cm) + 2

N as(K(§m—1,6m) + KOm_1,9m) + k(Sm—1,9m-1))
2

ap +as a+as

= (g +T)K(Cm—1'19m—1) + Y [K(Im-1,0m) + K(Sm-1,Sm)]

a, + as
T)[K(Cm—lﬁg‘*) + K(C*'ﬁ*) + K(ﬁ*'ﬁm—l)]
a, + as

2

ﬁQ (a1 +

[K(Gm-1,6:) + k(S 0s) + K(Wu,6m) + K(Om-1,9,) + KD, 6.)
+ K(C*'ﬁm)]
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3(a; + as)
=la +# kK(Gw9.) + (a1 + az + a3)[k(Om-1,9.) + K(Sm-1,6.)]
a, + a
+% [ (Sm. §:)
+ kO, 6] (5)
Also by rectangular inequality, we can write

k(6 Y.) 2o k(6 Sm) + K(Gm, ) + KU, 0.)

3(ay + a3))
2

=<0 (50 6m) + (@1 + (50 9.) + (a1 + ap + a3)

a, + as

[k (Om-1,0) + K(§m-1,$)] + == [e(m, 6D +
K (O 6] +K(8m, 9.) (by Using (5))
(1- @ -2 (g 5,0 4) 2 (@1 + @y + €5)[K(Pmo1,0.) + K(Gmes, 6.)]

+ @+ k(G 6) + KOs 6)]

(6)

On the other hand, since ¢,, i ¢, and 9, i J,, then 3 {p,,} and {g,,,} in Q with p,,, |
0 and

gm 1 0 such that

K(Sm 6:) 2@ Pms K(Om, ¥:) Zg G- (7)
Then from (6) and (7), we have

(2 —2aq —3ay; — 3a3
2

a2+a3+2

V(e 9.) Zq (@2 + a5 + @) By + Gno) + () (o +

Im)

2+ 2a4 + 3a, +3a3
fQ 2 Pm-1
+ gm—l)("' Pm 5Q Pm-1 and Im ﬁQ gm—l)

2 + 2a4 + 3a; + 3a;
K(C*rﬂ*) 5Q 2 _

(pm—l + gm—l)-

2a1 - 3a2 - 3(13
Since 2a; + 3a, + 3a; < 2, implies k(¢,,9,) = 0.Henceg¢, = 9..

Theorem 3.5. Let (E,<g) be a poset and (E,k,Q) be a complete VVRMS with Q-
Archimedean. Let the mapping F: E X E - E has MM property. Consider the
following:

(M1) there exists y € [0, g) suchthatvs <p¢andd =<j;t,

K(F(g,ﬁ),F(s, t)) <o YKr(s Y,s,t),

k(,8)+K(9,t) K(c,F(c,ﬁ))+K(S,F(s,t))+lc(19,t)}
2 ’ 2 )

where K (¢,9,s,t) € {
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(M2) there exist ¢y, 9y € E such that ¢, <g F(5o,9p) and F(Iy,¢o) <g Y-

(M3) F is vectorial continuous or E satisfies the following:

() if a non-decreasing sequence {¢,,} convergesto¢in E, then¢,, <z ¢,Vm € N,
(i) if a non-increasing sequence {9,,} convergesto 9 in E, then 9 <y 9,,,vm € N.

Then there exists ¢,,9, € E such that ¢, = F(c,,9.) and 9, = F(9,,¢.). Further, if
o, Yy are comparable, then¢, = ..

Proof. Let¢,, = F(¢m-1,9m-1), 9m = F(Om-1,$m-1), Wherem = 1,2,---
Since F has the MM property on E and by (M2), we get
So =g F(S0,90) = ¢1 =g F(61,91) = 62 g =p F(¢m,Om) = Sm41 Zp- -
and
o Zg Upg1 = FOm6m) g+ =Zg 92 = F(O1,61) =g 91 = F(¥,60) =g Y.
By using (M1), we have
K(Sm+1,Sm) = K(F (Gm, Im), F (Sm-1,9m-1))

=0 YKr(Sm» Oms Sm—1, Om—1)
where

K(§m.Sm-1) + K(Om,9m-1)
Kr($m» Omy Sm—-1,Om—1) € { 2 > =3

K(Cm'F(Cmﬂ"m))"' K(Cm—l’F(Cm—lvﬁm—l))'i' K(Om,9m—-1) }
2

— {K(Cm» Cm—l) + K(ﬁm'ﬁm—l) K(§m: §m+1) + K(gm: Cm—l) + K(ﬂm'ﬁm—l)}
2 ’ 2 '

Now, we consider two cases:

L 1f Kp ($mo Oms Sm—-1, Im-1) = K(Cm’g’"‘l);”wm’ﬂm‘l) , then

Y(K(Cmrgm—1)+ K(ﬁmrﬁm—l))
K(Sm+1,Sm) =q .

< 2y (K(Cm'Cm—l) + K(ﬁm;ﬁm—l))
_Q 2 y 2 )

K(SmSm+ 1)+ K(Gm.Sm—1) + K(Om,Im—1)

2. lf KF(Cm!ﬁmr gm—llﬁm—l) = 2 ’ then

14 Y (kS Sm—1)+ K(Om,Om—1)
K(Cm+1:gm) ﬁQ EK(Cm+1ﬁCm) + ( mSm-1 . 'mVUm 1)

Y(CGmr Sm-1) + KO, 9in-1))

2-y
( 2 )K(Cm+1: Cm) 5Q 2
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Thus, we have

2 K(Cry Cm—1) + KOy, 9y
K(Smsns o) <o 2_}/)/( (Sms Sm-1) : (O, Im 1)>’Vm c N

By a similar proof, one can also show that

2y (k(CmSm—1) + K(Om.9m-1)
K(ﬁm+1il9m) ﬁQZ—y( L 2 1),vm E N.

Let h =22_—yyand =w. It follows from that y € [Og) that h € [0,1). Then
for all

m € N, we conclude that

K(g‘m +1 Cm) 5Q hmwr (8)
and
K(Om+1,9m) 2o h"w. (9)

Now from rectangular inequality and (8), we have

K(Sm+1) Sm—1) =0 K(Sm+1:Sm+2) + K(GSma2:6m) + K(Sms Sm-1)

<o (W™ +h™ Do + k(Sme2)Sm) (10)
Similarly from rectangular inequality and (9), one can find
K(Omi1,9m-1) So (K™ + "o + kOmr2) Im)- (11)

By using (M1), we have

K(Cm+2: Cm) = K(F(Cm+1'19m+1):F(Cm—l:ﬂm—l)) 5Q YKr (§m+1:19m+1: Cm—l'ﬁm—l)
where

K(Sm+1,Sm—1)+KOm+1,9m—1)

Ke(Sm+1, 9m+1) Sm-1,9m-1) € { > )

K(Sm+1 F(Gm+1,Om1)) + K(G’m—p F(Q‘m—1:19m—1)) + k(Om+1,9m-1)
2

}

K(§m+1'§m—1) + K(0m+1'19m—1)
2 )
K(Sm+1Sm+2) + K(Sm—1,6m) + K(Oms1,Om-1)
2

Now, we consider two cases:

K(¢m+1,.6m—1) + K(Om41,9m—1)

1. lf KF(Cm+1!19m+1r §m—1;19m—1) = 2 ) then

Y(K(Cm+1:€'m—1)+ K(19m+1:19m—1))
K (Sm+2: Sm) =0 >

Y
5Q E [K(Cm+1: Cm+2) + K(Cm+2me) + K(gm'g‘m—l) + K(ﬁm+1'19m—1)]
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SR (maz 6m) 2o 5 [(B™ + A™ )@ + (B + Wm0 + k(B2 O] (using(8)
and (11))

K(mz Sm) Sq 70 [(R™ + R )20 +

K(ﬁm+21 19m)]- (12)

2 If KF(§m+1rl9m+1ICm—1'19m—1) — K(Sm+1.5m+2) +K(Cm;1;§m)+ K(ﬁm+1ﬂ9m—1)’ then

K(Cm+1,.Sm+2) + K(6m—1,6m)+ K(Om+1,9m-1)
2

[(R™ + h™ D) + k(O mt1, Om-1)] (Using(8))

K (Sm+2) Sm)

IA IA
QS
N I‘< N I“< <

IA

[(A™ + ™ D)w + (A™ + R™ o 4+ k(Ime2,Om)] (Using(11))

IA

: %[(hm+1+hm D20 + W@z 9] (<L <75)

Thus, we have
)4

k(Gmz, Sm) S0 53— [(hm+1 + ™20 + k(Omiz On)]- (13)
Similarly, we can obtaln
14 _
K(Om+2)Um) ) j [(hm+1 + h™ 1)2(‘) + K(Sm+2) Sm)- (14)

By using (13) and (14), we have

K(Cm+2rg‘m) ﬁQ z]j_y[(hm—Fl + hm_l)Zw + 2)_/_)/ [(hm+1 +hm—1)2w +

K(gm+2: Cm)]l
- [ @) a0 + () Kora
¥ o\? v -p+v: 2
(1 _(m) >K(Cm+2:';m) 5Q (2_ )/)2 h [1 + h ]2(1.)
4(1 — y) 4y
—Km:mﬁ—hm_ll-i-hzw
@ )2 (Sm+2Sm) Q(Z—)/)Z [ ]
Y
K(Cm+2» Cm) 5Q T)/ Rt [1
+ h?|w, (15)
similarly
K(ﬁm+2f19m) ﬁQ 1%]/ hm—l [1 + hz ](1) (16)

Next, we claim that {¢,,} and {9,,} are Q-Cauchy sequences. For {9,,}, we consider
K (Om, Im4p) IN tWo cases.
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Case l.Ifpisoddsay 2n + 1,n € N U {0}, then we have
K(Om) Omsp) S0 KOmyOme1) + KOst Ome2) + KOmiz Omap)
<0 KO Om+1) + K(Oms1, Om+2) + K(Oms2, Imy3) + KO3, Oma)
+K(Omrar Omap)
<0 KOm, Om+1) + KOms1,9m42) + - + K(Omian—1,9m+2n)
+ K(Um+2n Omap)
<o (K™ +h™?1 +... £ M2 )
<, o}t
Case 2. If pis even say 2n, n € N, then we have
K(9m Omap) 20 KOm Omsz) + KOms2, Omrs) + K(Omsz Omap)
<0 KO, Oms2) + K(Omi2, Oms3) + KOmaz, Imia) + K(Omsar Imss)
+k(Omrs Omap)
=0 KOmIm+2) + KOm+2:9m+3) +- - + K(Omazn—1,Im+2n)
<0 1’_’—yhm‘1[1 + h? Jw + (W™ 4+ pm+3 4. ppmt2n-1 g, (using (15))

% m+2
< _r m—11 2
<0 1—yh [ +h]+1_hlw

- {[j—y [1+h2] + 1"_—h] o) b

Therefore {9,,} is Q-Cauchy sequence. Likewise, it can be demonstrated that {¢,,} is
also a Q-Cauchy sequence. Suppose by hypothesis that E is Q-complete. So there

exits ¢,, 9, in E such that ¢, K—'Q> ¢, and ﬁmk—'Q> J,.

It remains to prove

¢. = F(¢,9) and 9, = F(9.,c.). (17)

Now, if F is vectorial continuous, then by Lemma 2.1., (17) obviously holds. Now,

suppose that (i) and (ii) of (M3) hold. Since me_,Q) ¢, and 19mK—'Q> J,, then there exists
sequences {a,,}and {b,,} in Q s.t. a,, ! 0, b,, 1 0, and

K(Sm, 6.) g am and kO, 9.) 2o by (18)

We know that sequences {¢,,} and {9,,} are Q-Cauchy. So there exists sequences
{rm}and {j,}inQs.t.n, L 0,j, ! 0,and forall m and p

K(Cm:Cm+p) 50 Tms K(ﬁm’ﬁmﬂ?) 5Q jm- (19)
Since ¢, <¢ ¢, and¥,, <y Y, forallm € N, then we have
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K(F(g‘*,ﬁ*), Cm) = K(F(C*» 19*); F(gm—lfﬂm—l)) 5Q VKF (9*119*: Cm—l'ﬁm—l):

Where

k(s Sm-1) + K@ Om-1) K(GuF(6:T:)) + K(§m-1.F (Sm-1Im-1)) + K(ﬁ*ﬂm—ﬂ}

KF(C*; 19*; Cm—1» 19m_1) (S { - > ==

_ {K(c*, Sm—1) + K0, Om—1) K(6x, F(6:,9.)) + K (Sm—1,Sm) + K (D, ﬁm_l)}

2 )
Now, we consider two cases:
1. 1f Kp (S Our Sty Omo1) = K(§x.Sm—1) ;K(ﬂ*,ﬂm_l)

(6,$m—-1) + K(@x,9m-1)
K(F (6., 0.), 6m) Sq y (FESmtt o))

, then

K(ﬁ*' ﬁm—l)]

2% K(F(C*»ﬁ*)» Cm) 5Q£ [K(C*'F(C*:ﬁ*)) + K(Cm' Cm—l) + K(ﬁ*fﬁm—l)]

[K(50 F (5, 9.)) + K(Gims Sim—1) + K(Bs, Opn1)].

K(F(g‘*» 19*)» Cm) 5Q

2 If KF(C*;ﬁ*; Cm—1, 19m—1) — K(C*,F(C*,ﬁ*))'FK(Cm—1,§m)+7€(19*,19m—1)1 then

2

k(F (6. 9.),6m) = 3 (e F(60r9)) + 1(6mets ) + K(Bey O]

<0 7 [K(60 F(§0,9.)) + K(Sm1,6m) + K(8uOm-1)] (X

Thus, from both the cases, we conclude that

K(F(C*,ﬁ) Cm) <Q 2_ [K(C*,F(C*,ﬁ )) + K(Cm 1 Cm) + K(ﬁ*'ﬁm 1)]
Next, we claim that (c*,ﬂ*) is cfp of F. By using (20), we have
K(F($0:),6.) 2o K(F(S0D.),6m) + K(SmySm-1) + K(Sm-1,6:)

T D6 F (6 8.0) + K (s ) + K. Do)

ﬁQZ

+K(Smr Sm-1) + K(Sm—-1,6+)

2(1 —y)
14

2
5 - K(Sm-1,$m) +

K(F(g*» 19*): g*) 5Q

K(F(g*ﬁ 19*), Q‘*) 5Q

( )
+—Kg —1,GCx
2(1 ) m—1

1
Y K(Sm-1,6m) + 20=7)

QY
<0 % [K(50 F (50 9.)) + K(F (60, 0.),6m) + 1(Smy Sm—1) +

|4
7oy K9 Om-1) + K(Sm-1,$ %)

K(ﬁ*: 19m—1)
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1 14 2-y i
<0 T m1ta, b1 + 20y dm-1 (by using (18)

and (19)).

. 1 2—
Since {1_y, 2(1y_y), 2(1_2)} > 0and{ay, by, Tm} ! 0.Thenwe get k(F(c.,9.),¢.) =

0, implies F(s,,9,) = ¢.. Similarly we can find F(9,,¢,) = 9..

Moreover, if ¢, 9, are comparable. W.L.O.G., we may let ¢, <z 9,. Since F has a MM
property, implies ¢, <p 9,, Vm € N. Thus, we have

K(C*'ﬁ*) 5Q K(C*) Cm) + K(Cmﬂ?m) + K(ﬁm»ﬁ*)
5@ K(F(Cm—lrﬁm—l):F(ﬁm—lf Cm—l)) + K(C*' Cm) + K(ﬁmrﬁ*)
=0 YKr(Sm—19m-1,9m-1,Sm-1) + K(Sur Sm) + K(Om,Y.)

where

K(¢m-1,9m-1)+ K(¢m—1,9m—1)
2

Ke(Sm-1,9m-1,9m-1,Sm-1) € {

K(gm—l'F(Cm—l'ﬁm—l)) + K(ﬁm—pF(ﬁm—l: §m—1)) + k(Sm—1,9m-1)
2

)

}

K(Sm-1,5m)+ K(Om-1,9m)+ K(m—-1,9m—1)
= {K(Cm—l'ﬁm—l)y - 12 - - }

Here, we consider two cases:

1. Kr(Sm-1,9m-1,9m-1,Sm-1) = K(§m-1,9m-1), then we have
k(6. 0.) 2q YE(Gm-1,9m-1) + K(Ss,Sm) + KO, 9.)
<o Ylk(Gm-1,6) + k() + K@D, Im-1)] + K(Ssr Sm)
+ k(I U.)
1 = Yk(s 9 =) =0 Ylam-1 + bm_1] + am + by,

1+y
k(6. 9.) <o . [@m—1 + bm1l(* am =g @m_1andb, =<y bm_4).
2. |f KF(Cm_l,ﬂm_l,ﬁm_l, gm_l) — K(Cm—l’cm)‘l' K(ﬁm—lzvﬂm)+ K(Cm—lvﬂm—l), then
Y
K(C*,ﬁ*) 5Q E [K(Cm—ll Cm) + K(ﬁm—liﬁm) + K(Cm—lrﬁm—l)] + K(C*' Cm)
+ k(9 U,)

14
5Q E [K(Cm—lf Cm) + K(ﬁm—liﬁm) + K(Cm—l' C*) + K(C*,ﬁ*)

+ K(ﬁ*fﬁm—l)]
V+K(§*'§m) + K (Um, 9.)
(1 - ]/)K(§*,19*) ﬁQ 2 [Tm—l + jm—l + ap-q t+ bm—l] + ay + bm

(608 <o oLy + byl + =L [y + ]
K C*; x) =Q 2(1 _ y) am—l m-1 2(1 _ y) rm—l ]m—l .
1+y 2+y Y

Slnce{ 1_y,2(1_y),2(1_y)} > 0and{an_1, bm-1, "m-1, jm-1} ¥ 0, then from both the

cases we conclude that x(¢,,9,) = 0. This means that¢, = 9,.
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Corollary 3.6. Let (E,<g) be a poset and (E,k,Q) be a complete VVRMS with Q-
Archimedean. Let the mapping F: E X E - E has MM property. Consider the
following:

(Al) there exists y € [0,1) suchthatV s <E ¢,9 2Xgtand
k(F(5,9),F(s,1)) < K(c.S) + k(9,1)],

(A2) there existgy, 9, € E such that ¢, <g F(go,ﬁo) and F (9, o) <g Y.

(A3) F is vectorial continuous or E satisfies the following:
() if a non-decreasing sequence {¢,,} convergesto¢in E, then¢,, <z ¢,Vm € N,
(i) if a non-increasing sequence {9Y,,} convergesto 9 in E, then 9 < 9,,,Vvm € N.

Then there exists ¢,,9, € E such that ¢, = F(c,,9,) and 9, = F(9,,¢.). Further, if
¢o, Uy are comparable, then¢, = 9,.

Proof. The conclusion can be drawn from Theorem 3.5.

Example 3.7. Let E = R and Q = R? with coordinatwise ordering defined by
(61,91) =2 (62,9z) ifandonly if¢; < ¢, and (9,,9,). Let K(c,ﬁ) (Ic = Il,rlg = 9
with r > 0 and define a function F: E X E - E as (¢,9) = . Clearly (E,k,Q) is
complete VVRMS, since for all distinct ¢,9,p,q € E, we have

k(s,9) = (l¢ — I|,rlg — 9I])
=(¢—-9+p—-p+q-—-qlrlsc—9+p—-—p+q-—q|
< ((s—=pl+1Ip—ql+1lqg—=9r(s —pl +I|p—q|l + g —9])

(s = plrlsc —pD + (Up — ql.vlp — q) + (Ig — dl.rlqg = I
= k(sp) + k(.q) + k(q,9).
Also R? is Q-Archimedean with defined ordering. Now for all ¢,9,s,t € E, we have

-9 s-
(P90, FG.0) = & (S5 55)

=i(|g—19—s+t|r|(;—19—s+t|)
—(Ic = s+ 9 = thr(s — s| + [9 = t])
= [(Ic = slri¢ = s + (|9 = tl,r[¥ — t])]
: [K(w) + K(9,0)]
That is, k(F(5,9), F(s t)) < yKp(s,9,s,t),wherey == € [0 )and

k(c,s)+ k(9,t) k(¢ F(g,d +KS,FS,t + k(,t
Kp(g,ﬁ,s,t)e{ (s )2 ( ), (s, F(5,9) (2 (s,)) + x( )}_
Also note that if ¢, = =5, 9y = 4, theng¢, =< F(go,Y9) and F(Iy,69) =< 9y. Therefore
all the criteria specified in Theorem 3.5. have been fulfilled. Hence (0,0) is a cfp of F,
which is unique.
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