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Abstract
In this paper we investigate the existence of Proper d-lucky labeling for some special graphs.
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1. INTRODUCTION

The concept of graph labeling was introduced by Rosa in 1967 [8]. Mirka Miller et.al., [7]
introduced the concept of d-lucky labeling. Let I: R(G) —» N be the vertex labels of G
which is assigned by positive integers. Define c(u) = d(u) + Xrenwy! (W), [where d(u) is
the degree of u and N(u) is the open neighbourhood of u].

A Labeling | is expound to be D-lucky if c(u) and c(r) are not equal. For every couple of
adjacent vertices uand r in G.

Indicate the D-lucky number of a graph G by n,4(G), which is the smallest positive k in
order that G has a D-lucky labeling with {1,2, ...., k} as the set of labels. Esakkiammal
et.al., [6] introduced the concept of Proper d-lucky Labeling.

A D-lucky labeling is called proper if I(u) # I(r) for every adjacent vertex u and r. The
proper D-lucky number of a graph is the least positive integ k such that G has a Proper
D-lucky labeling with {1,2, ...., k} as the set of labels and is denoted by 1,4, (G¢). Bala et.al.,
introduced the concept of Triplicate Graph of Cycle C,,.

LetV ={v;Uuv;Uv]'/1 <i<n}andedgesetE = {v],,v; U1V UV} UD]v] /1<
i<n- 1}U{v, v, Uv,v; Uvyv! Uv/v; /1 <i < n}. Clearly, TG(C,) has 3n vertices and
4n edges.

Bala et.al., [2] introduced the concept of Triplicate Graph of kite TG (kite),. Let V =
{vjuv/ Uy vy Vujuuf'/1 <i<n} and edge set E = {v/,,v; Uvi11v] U v}y U
v{'v{,1/1<i<n—1} U {vv] Uvv, Uvivy Uv/vid U {viy, Uvug Uvul Uvuidu

{wiips U wjuin U vy U wiuy, /1<i<n—1}

Clearly, TG(kite),has é6n vertices and 8n edges. Bala et.al., [1] introduced the concept
of The Barycentric Extended Duplicate Graph of Twig EDG(T,). Let V =

{ijvj'/lSiSn+2}U{biUri/1SiSn+1}{b{Uri'Ub{'Uri"UuiUulfUWiUWi’/

Nov 2025 | 101



Tianjin Daxue Xuebao (Ziran Kexue yu Gongcheng Jishu Ban)/
Journal of Tianjin University Science and Technology

ISSN (Online):0493-2137

E-Publication: Online Open Access

Vol: 58 Issue: 11:2025

DOI: 10.5281/zenodo.17656933

2<i<n+1}uU{s;} and edge set E ={vb;Urv,,;Uvr;Ubv/ /1<i<n+1}U
{v;b;" U v;'r/" Uvb; Uvr/ Ubju; Ur/w; Ub/'u;Ur/'w//2 <i<n+1}U{v,s; Uvjs,].
Clearly, EDG(T,) has 12n + 7 vertices and 12n + 6 edges.

2. MAIN RESULT

In this section we investigate the existence of Proper D-Lucky Labeling on Triplicate
Graph of cycle, Triplicate Graph of kite and Barycentric Extended Duplicate Graph of
Twig.

THEOREM: 2.1

Triplicate Graph of cycle TG (C,) admits proper d-Lucky labeling with n4,(TG(C,) ) = 2.
Proof:

The Triplicate Graph of Cycle C,, denoted by TG(C,) has the vertex set V =

{fvyuv;uv//1<i<n}andedgesetE = {v/ ,v; Uv; v UDjvil, Uv/v /1<i<n-—
1} U {v, v, U v,v, U vpvy’ Uvyvg )
Clearly, TG(C,) has 3n vertices and 4n edges.

To prove TG(C,) is Proper d-lucky, define the function I: V(G) — N to label the vertices as
follows:

For,1<i<n
L) =1 =11() =2
Clearly, it has I(v;) # l(v;) for any two adjacent vertices of TG(C,,).
From the structure of the TG (C,,), itis clear that the degrees of the vertices are as follows:
For,1<i<n
dw)=d@W)=2,dw) =4

Using the relation c(v;) = d(vj) + Zvje,\,(vi)l (v;) we obtain the d-lucky number as follows
For,1<i<n
cw)=cW)=6c)=8
Clearly,
() c(vn) # c(wn), c(vn) # c(v1), c(vy) # c(vy), c(vy) # c(vy)
(i) For,1<i<n-1
c(Vip1) # c(v1), c(Wiy1) # c(v1), (V) # c(Vihq), (W) # c(Viyq1)

Since any two adjacent vertices of TG(C,,) are not equal. TG(C,,) admits proper d-lucky
labeling with 4, (TG(C,) ) = 2.
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EXAMPLE: 2.1
Proper d-lucky labeling TG(C,) is shown in the figure.

PROPER D- LUCKY LABELING

THEOREM: 2.2

Triplicate Graph of kite TG (kite),, admits proper d-Lucky labeling with ng4; (TG (kite),, ) =
2.

Proof:

The Triplicate Graph of kite (kite),. denoted by TG(kite)n has the vertex set V =
{vjuv/uv' vy vujuuf/1<i<n} and edge set E = {v{,,v; Uv;1vj U vV} U
v{'v{,1/1<i<n—1}U{vv Uviv, Uy Ul vl U {viu, Uvul Uviuf Ul u
{winig U ujug, Vwugy Vuf'y,, /1<i<n—1}

Clearly, TG (kite),has 6n vertices and 8n edges.
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To prove TG (kite),, is Proper D-lucky, define the function l: V(G) — N to label the vertices
as follows:

For,1<i<n
L) =1w)=1w)=1lw)=11w)=11) =2
Clearly, it has I(v;) # l(v;) for any two adjacent vertices of TG (kite),,.

From the structure of the TG (kite),, it is clear that the degrees of the vertices are as
follows:

d)=d)=3,d) =6
(i) For,2<i<n

dw)=d W) =2,d () =4
(i) For,1<i<n-1

d(w)=d@)=2dw) =4
(iv) d(u,) =d (uy) =1, d (up) =2

Using the relation c(v;) = d(v;) + Yy eny L (v;) we obtain the d-lucky number as follows
MNc)=c@)=9,¢c) =12, c(up) =c(uy) =3,c(uy) =4
(i) For,2<i<n
c(w)=c)=6,c(v)=8
(i) For,1<i<n-1
cu) =ci)=6,c(u)=8
Clearly,
() c(vn) # c(vp), c(vp) # c(v1), c(vn) # c(v1), c(vy) # c(vy)
(i) For,1<i<n-1
c(Wiz1) # c(v1), c(i1) # c(vq), c(V)) # c(Vite), c(V]) # c(Vit1)
c(uy) # c(Uiy1), c(wp) # c(Uig1), c(g) # c(uily), i) # c(uip)
(iii) c(vy) # c(uq), c(v1) # c(ug), c(vy) # c(uy), c(vy) # c(uy)

Since any two adjacent vertices of TG (kite),, are not equal. TG (kite),, admits proper d-
lucky labeling with n4, (TG (kite),, ) = 2.
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EXAMPLE: 2.2
Proper d-lucky labeling TG (kite),is shown in the figure.

PROPER D- LUCKY LABELING

THEOREM: 3.3

The Barycentric Extended Duplicate Graph of Twig EDG(T,) admits proper d-Lucky
labeling with 4, (EDG(T,) ) = 2.

Proof:

The Barycentric Extended Duplicate Graph of Twig EDG(T,). denoted by EDG(Tn) has
the vertex set V={v,uvj/1<i<n+2}u{bun/1<i<n+1}{bjur/Ub/ur/u
wUu,Uw;Uw;/2<i<n+1}U{s;}andedge set E = {v;b; Ur;v;;1 Uv1; Ubv;, /1 <
i<n+1}U{vb Vv'r/ Uv/b; Uvr/ Ubju; Urjw; Ub/'u;ur/'w//2<i<n+1}uU
{vys; Uvgs, )

Clearly, EDG(T,,) has 12n + 7 vertices and 12n + 6 edges.
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To prove EDG(T,) is Proper d-lucky, define the function I: V(G) — N to label the vertices
as follows:
() For,1<i<n+2
lw)=1w) =1
(DFor,2<i<n+1
L) =LB)=1l0)H)=1F/)=2
(i) For,1<i<n+1
L) =1l()=2
(iv) For2<i<n+1
L) =1lw)=lw)=1lw)=1
W (s1) =2
Clearly, it has I(v;) # l(v;) for any two adjacent vertices of (T;,) .
From the structure of the (T;,) , it is clear that the degrees of the vertices are as follows:
(i) d(vy) =dWps2) =d (1) =d (Vpy2) =1,d (v;) =d (v3) =5,d (s1) =2
(i) For,3<i<n+1
d(w) =d ) =4
(i) For,2<i<n+1
db;)=dB)=d(@r)=d @) =2,
dw)=d@w)=dw)=d(w)=1
(iv) For,1<i<n+1
d(b)=d(r)=2
Using the relation c(v;) = d(vj) + Zvje,\,(vi)l (v;) we obtain the d-lucky number as follows
() c(w)=cWpsz) =c) =cWy42)=3,¢c() =c(vy) =15,c(sy) =4
(i) For,3<i<n+1
c(w) =c) =12
(i) For,2<i<n+1
c)=cb)=c@)=c@{) =4,
cw)=c@)=cw)=cw)=3
(iv) For,1<i<n+1
ch)=c(r)=4
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Clearly,
(i) c(vz) # c(s1), c(v2) # c(s1)
(i) For,1<i<n+1
c() # c(by), c(m) # c(Wip), c(vy) # c(m), c(by) # c(Viy1)
(i) For,2<i<n+1

c(v) # c(b), c(w) # ("), c(vy) # c(by), c(vy) # c(r7), c(by) # c(wy), (1)) # c(wy),
c(b) # c(uy), c(ry’) # c(w;)

Since any two adjacent vertices of EDG(T,) are not equal. EDG(T,,) admits proper d-
lucky labeling with n4,( EDG(Ty,) ) = 2.

EXAMPLE: 3.3
Proper d-lucky labeling EDG(T,)is shown in the figure.

1(3) 1(3) 1(3) 1(3) 1(3) 1(3)
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PROPER D- LUCKY LABELING

CONCLUSION

In this paper, we have confirmed the existence of Proper d-Lucky Labeling on Triplicate
Graph of Cycle, Triplicate Graph of Kite and Barycentric Extended Duplicate Graph of
Twig.
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